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I Observer Design for Better Disturbance Rejection
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Fig. 14. The equivalent block diagram of the system 4LhESO_1 9 Fig. 10. B_ode diagrams of the ten fourth order ESOs Fig. 11. B_ode (_iiagrams of the ten fourth order ESOs Fig. 12. Bode diagram of the ten systems under the
for observing speed. for observing disturbance. same p,.

Zuo et al., “Different Active Disturbance Rejection Controllers Based on the Same Order GPI Observer”, TIE, 2021
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I State space model

O The simultaneous first-order differential equations about the state variables

 State variables must be linearly independent; that is, no state variable can be written as a linear
combination of the other state variables.

) £ 8 BeR s

ShanghaiTech University

X = state vector

x = derivative of the state vector with respect to time

0 Algebraic output equation % = Ax + Bu

Yy = output vector
u = input or control vector

A = system matrix

y = CX + Du B = input matrix

C = output matrix

0 Eg, D = feedforward matrix V“C
o] [0 1 0 el [o 0 .
d B . ' I tate space
o Q=0 0 K,J Q|+ 0 |lut|J |72 N
1 0 —-KzL* -RL ‘||« L 0 I m—— U
©
_ 1 0 1 Q o State vector, x(7)
Y [ ] Z : State vector trajectory
o State vector, x(4)

O State space: The n-dimensional space whose axes are the state variables. -

FIGURE 3.3 Graphic representation of state
space and a state vector

EE160 Fall’25 lec7 4 CJH



State space model

N BEART

ShanghaiTech University

PROBLEM: Find the state-space representation of the electrical network shown ir PROBLEM: Represent the translational mechanical system shown in Figure 3.9 in state

Figure 3.8. The output is v,(f).

space, where x3(¢) is the output.

+>x1(t)
1 N/m 1 N-s/m

1 k
|/ g
AN /\/\/\/ fiy—]

+>x2(f)
1 N/m

—

+

: + Cy =< Vo(®
v () L % T FIGURE 3.8 Electric circuit
for Skill-Assessment
Exercise 3.1

ANSWER:

ANSWER:

1 kg

—|—>x3(l‘)
1 N-s/m

70000

1kg

mil=

FIGURE 3.9 Translational mechanical system for Skill-Assessment Exercise 3.2
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I From O.D.E to State space model

At first we select a set of state variables, called phase variables, where each

. . e— . " d
subsequent state variable is defined to be the derivative of the previous state variable. X = X = d_)t}
d
Xo = ' dz)’
dt 2=
—]
d"y d""y dy &
y 3
+ + «- +a;—+ agy = bou X3 =—= F .
B dn—ly . dny
" dt}"l—l Xn = dtn
A1 = X2 (1] [O 1 0 O 0 0 -+ 0 J[x] [O]
_)'52 = X3 X2 0 0 1 0 0 0 0 b %) 0
: X 0 0 0 1 0 o .- 0 X3 0
. = A e B
B ) =X ' ' ' '
=l = e 2 3 O 0 0 0 0 0 - 1 |lx 0
-).Cn = —apX] —aiXp - — dy_1X; + b()u e |—ay —ap —a; —asz —a4 —as - —Ap1 | | X, | _bo_
[ (3.52)
X2
X3
y=[1 00 0]| .
Xn—1
L Xn
6 CIH

EE160 Fall’25 lec7
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I From transfer function to state space model (1)

Converting a Transfer Function with a Constant Term in - o
Ly 24 S
the Numerator T 7| Pro2eaeseod |

Cs) 04 “

R(s) (s +9s2 +26s +24) 10

f xQ(zi J. x (1) \(;‘ )

(s* + 95% + 265 4 24)C(s) = 24R(s)

¢ +9c + 26c¢ + 24c = 24r

26 |=
24 |

jcl 0 1 0 X1 ®)
Xy | = 0 0 1 X2 £ 0 |r FIGURE 3.10 a. Transfer function; b. equivalent block diagram showing?phase Variablei
i L-24 26 9] |x 24 ok Je) =l

X1

y= [ 1 O 0} X
A3

EE160 Fall’25 lec7 7 CJH



I From transfer function to state space model (2)

Converting a Transfer Function with a Polynomial in

the Numerator

/ ) ShanghaiTech University
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R(s) 247542 C(s)
3+ 952+ 265+ 24
(@)
R(s) 1 X (s) : C(s)
E— > s+ Ts+ 2 I
s+ 952+ 265+ 24
Internal variables:
Xo(s), X3(s)

®)

. + §§ (1)

+
(1) X5(1) x,(0)
— 1 j - f : g
26 =
FIGURE 3.12 a. Transfer
function; b. decomposed 24
transfer function; ¢. equivalent
block diagram Note: y(¢) = c(). (©
CJH
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I From transfer function to state space model (2)

PROBLEM: Find the state equations and output equation for the phase-variable repre-
25+ 1

sentation of the transfer function G(s) =

sS24+T7s+9

ANSWER:

EE160 Fall’25 lec7 9 CJH
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I State space model to transfer funtion (ss2tf)

et

X = Ax + Bu sX(s) = AX(s) + BU(s)
» Y(s) = CX(s) + DU(s)

$

(sT — A)X(s) = BU(s)

' T(s)=@:C(s1—A)-IB+D

X(s) = (sI - A)"'BU(s) U(s)

' f Single input single output

Y(s) = C(sI — A)"'BU(s) + DU(s) = [C(sI — A)™'B + D] U(s)

Transfer function matrix

y = Cx+ Du

EE160 Fall’25 lec7 10 CJH
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State space model to transfer funtion (ss2tf)

PROBLEM: Given the system defined by Eq. (3.74), find the transfer function,
T(s) = Y(s)/U(s), where U(s) is the input and Y(s) is the output.

0 1 0 10
x=( 0 O 1(x+ |0 |u (3.74a)
-1 -2 -3 0
y=[1 0 0]x (3.74b)
Y(s _
T(s)=£=C(sI—A) 'B+D
U(s)

(s*+3s+2) s+3 1

-1 s(s+3 s
Ez i) g s 0 0 0 1 0 s -1 0

1 — —S —(Z4s + S
(sI—A)_lzszt(Si i)= T3 T T I-A)=10 s Of-f O O 1|=(0 s -1

ct(sT - A) ST AT 00 s A 2 =3 1 2 =43
_+ Q2 Q23|  (G21 Q23 + azn  an|] ’ -Jr G2 Q2| (G122 Q13 + a2 a3 |]
asz2 ass asy ass azy  asz agz  as3 agz ass azz Q23
a;i; a2 a3 2
. di(A) = | |02 o1 ann @3] |an G _ | _|en a2 el ai3| |en a3 10(s* +3s + 2
A - az21 az2 az3 * J( ) azy ass " agy asg azy  as2 asy ass - asy ass az1 @23 T(S) — 3 ( 3 )
asy asg 033 §° + 35+ 25+ 1
+ aiz ais | a13 1 a;il a2 + az1 Qa2 e a1 + ail  a12
L [G22 Q23 az1 Q23 az1  G22 | | L 1431 asz azy  az2 az1 Q22| |

https://en.wikipedia.org/wiki/Adjugate matrix#:~:text=In%?20linear%20algebra%2C%?20the%20adjugate,matrix%20is%20the%20conjugate%20transpose.
EE160 Fall’25 lec7 11 CJH
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I State space model to transfer funtion (ss2tf)

PROBLEM: Convert the state and output equations shown in Eq. (3.78) to a transfer

TryIt 3.2 function.
Use the following MATLAB
and the Control System . -4 -1.5 2
Toolbox statements to obtain X= { 4 0 X+ 0 u(t) (3'783)

the transfer function shown in

Skill-Assessment Exercise 3.4 y = [ 1.5 0.625 }X (3.78b)
from the state-space

representation of Eq. (3.78).

A=[ =4 =il 5 4l Ok ANSWER:
BH20];

CH1.5 0.625];
D=0;

T=ss(A, B, C, D);
T=tf(T)

EE160 Fall’25 lec7 12 CJH



I State space model is not unique
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X = Ax + Bu z="P'x z=P APz + P 'Bu

=1L — y = CPz +Du

PROBLEM: Given the system represented in state space by Egs. (5.73),

0 1 0 0

x=| 0 0 1|[x+]|0]|u (5.73a)
-2 -5 -7 1

y=[1 0 O]x (3.73b)

transform the system to a new set of state variables, z, where the new state variables are -

. . ) 0 1 0 0.5 0 0
related to the original state variables, x, as follows:

2 00
P'AP= |3 2 0 0 0 1||-075 05 0
2 00 1 4 5]|-2 =5 -7 05 -04 02
z=1(3 2 0|x=P!x 2 =3x+2x% (5.74b) —15 1 0

1 4 5 =|-125 07 04
|25 04 -62

1 = 2X1 (57421)

73 = X1 +4x + 5x3 (5.74¢)

EE160 Fall’25 lec7 13 CJH



I Diagonal state space representation

Eigenvector. The eigenvectors of the matrix A are all vectors, x; # 0, which under the

transformation A become multiples of themselves; that is,

AXi = /L'Xi

where A;’s are constants.

FIGURE 5.32 To be an

(5.80)

=
)

\

eigenvector, the transformation
Ax must be collinear with x;
thus, in (@), X is not an
eigenvector; in (b), it is.

Eigenvalue. The eigenvalues of the matrix A are the values of /; that satisfy

Eq. (5.80) for x; #0.

To find the eigenvectors, we rearrange Eq. (5.80). Eigenvectors, Xx;, satisfy

0= (/L'I - A)Xi
Solving for x; by premultiplying both sides by (41— A)™" yields
N adj(L,1—A)
= I-A)T0o ="
%= ( ) 0= eI = A)

Since x; #0, a nonzero solution exists if

det(AI—A) =0

from which 4;, the eigenvalues, can be found.

(5.81)

(5.82)

(5.83)

(@)

X1 -

®)
O Diagonal representation

* Equivalent to partial fraction expansion of t.f.
» Use eigenvectors to form a transform matrix P

P= [Xla X2, X3,..., Xn]

AXi = iixi‘

z=P APz +P 'Bu

AP =PD
D=P AP y = CPz + Du

Left D is diagonal matrix with eigenvalues, while
right D is the through-input matrix, often D = 0

EE160 Fall’25 lec7
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I Diagonal state space representation

Diagonalizing a System in State Space

B
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P_IAP—[I/z 1/2] l—3 1]{1 11_[— ]
PROBLEM: Given the system of Egs. (5.94), find the diagonal system that is similar. /2 -1/2] 1 =3][1 -1 0 -4

. 12 121]1 3/2

S ae(37 -

le ]X+[ ]u (5.94a) 1/2 -1/2](2 -1/2

1 -3 2
1 1
=[2 3]x (5.94b) CP= |2 fﬂll _1]=[5 ~-1]

y=[5 -1]z
10 -3 1 Axy=4x)
det(/I — A) = = 3 11fed T
S B N R TN L R
43 -1 L =3]lel el ‘
T 21 243 [—3 AEAINE X=[_c]
=12 4+6]+8 1 =3][x | X, | ‘

3/2] | z=P'APz+ P 'Bu

y = CPz + Du

EE160 Fall’25 lec7 15
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I Diagonal state space representation

PROBLEM: For the system represented in state space as follows: PROBLEM: For the original system find the diagonal system that is similar.
) 1 3 1

X = X+ u
-4 -6 3
[—2 0] [18.39]
z+ u
0 -3 20

yz[l 4}X Z
[—2.121 2.6]z

ANSWER:

convert the system to one where the new state vector, z, is

3 -3
7= X
1 —4

65 -85 -3
Z= 7+ u
9.5 —11.5 ~11

y= [0.8 —1.4} Z

Yy

ANSWER:

EE160 Fall’25 lec7 16 CJH



I Solution of the State Equations ) e, I

x = AX + Bu

$

sX(s) — x(0) = AX(s) + BU(s)

J

X(s) = (sT — A)"'x(0) + (sI — A)"'BU(s)

_adj(sT—A)
~ det(sI — A)

[x(0) + BU(s)]

Y(s) = CX(s) + DU(s)

adj(sT — A)
det(sI — A)

FUGCI-A)Y ' = 2! [ } = (1)

EE160 Fall’25 lec7 17 CJH



I Solution of the State Equations ) et s I

x = Ax + Bu ~x(0) N b

sX(s) — x(0) = AX(s) + BU(s) x(t) = e"x(0) + /O€+”(”)bu(7)d’f-
‘ x(¢) = eA'x(0) + / t AIBu(r)dr

0

X(s) = (s — A)~'x(0) + (sI - A)"'BU ,
() = (1= 4)7x(0) + (sT = A) " BU(s) — ®d(1)x(0) + / ®(t — 7)Bu(z)dr
_adj(sT—A) p 0 N\
= GGl A) [x(0) + BU(s)] — <
zero-input response Zero-state response as
Y(s) = CX(s) + DU(s) convolution integral
The matrix exponential function is defined by in a similar Taylor series form
. 242 k +k
= _ =17 _ cp-1 adJ(SI_A) _ Ar _ At :I+A[+A_t+...+A_t_|_...
ZolI=A)] =2 [det(sl —a)| =20 e = exp() 2! I ’

EE160 Fall’25 lec7 18 CJH
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I Solution of the State Equations

x = AX + Bu matrix exponentials is a DEFINITION
— 1
_ tA _ 4 i
X(t)=e=) [tAl".
=4
Proof:

x(1) = eAx(0) + / t ATIBu(r)dr

» Uniqueness of Solutions 0

If we have two solutions z1,z2 : R — R™*, then y = 1 — xo satisfies
y(t) = Ay(t) with y(0)=0.

The auxiliary function v(t) = e~ y(t) satisfies

Bo(t) = —Ae~Ay(t) +e A Ay(t) = —Ae”Vy(t) + Ae”My(t) =0

w0y = O,
== wiij=9t) =0 = =zi=m.

EE160 Fall’25 lec7 19 CJH
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I Solution of the State Equations

x = AX + Bu matrix exponentials is a DEFINITION
— 1
: X(t)=e"=> <[tA]".
x(t) = e*x(0) + / A Bu(r)de i—o
0
Proof:

» Verify the ODE

Generalized Leibniz integral rule.

b(t)

d @ . |
E/am g(t,7)dT = g(t,b(t))b(t) —g(t.a(t))a(t)-}-Lm g(t,7)dr .

t
x(t) = A eAtx(0) + e "DBu(t) + j A eAt=DBy(7)dr
0

=A leAtx(O) + f eA(t"T)Bu(T)dT] + Bu(t)
= on(t) + Bu(t)

EE160 Fall’25 lec7 20 CJH




I Solution of the State Equations

Specially, the solution of an unforced system

(1) = Ax(¢)

L@ﬂﬁk#l

W & 72/ ShanghaiTech University
[

is found to be

x(t) = exp(Ar)x(0)

The matrix exponential function describes the unforced response of the system

and is called the fundamental or state transition matrix ®(t, 0).

Thus, the general solution can be written as

ﬂg:qumy+£¢m—Tmmﬂm.

NOTE, up to now, we are talking about LTI system, for nonlinear or time-

varying, there is NO nice general solution form.

EE160 Fall’25 lec? 21 CJH
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I Motivation for Pole Placement
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O Frequency domain methods of design do not allow us to specify all poles in systems of order higher than 2
because they do not allow for a sufficient number of unknown parameters to place all of the closed-loop

poles uniquely.

* One gain to adjust, or compensator pole and zero to select, does not yield a sufficient number of parameters to place

all the closed-loop poles at desired locations.

* Remember, to place n unknown quantities, you need »n adjustable parameters.

STATE FEEDBACK
(Pole Placement)

F r A B X
= Cub
-Kxi
K |
U
Desired Poles 7/ Ajw
(arbitrarily placed)

X
3 o
L34
X
Desired Poles
(arbi‘l’mrily placed)

v

S-Plane

(Desired Poles)

CLASSICAL TRANSFER FUNCTION
(e.g., PID)

> C(s) > G(s)

@ S-Plane

jw (Root Locus)
Closed-Loop Poles

(constrained to locus)

v

NG

Comparison of closed-loop pole placement flexibility between State Feedback and Classical approaches.

EE160 Fall’25 lec7
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I Concept of State Feedback

O Ideally, if the n states of the system are available for feedback, we can introduce n adjustable
parameters in the gain matrix K.

) Bl AR

g '\45 ShanghaiTech University

X = Ax + Bu = Ax + B(-Kx + ) = (A — BK)x + Br (12.3a)
y = Cx (12.3b)
u + X x y
— B f » C |—>
~ _ L +
0 1 0 0 0
A |=
0 0 | 0 0
A = , B = ; (a)
r + u + X X Y
—ay —a1 —a —an-1 1 —=Q)——~| ® s "l € "
B B - +A +
C=[a o G ]
L A |-
FIGURE 12.2 a. State-space
representation of a plant; -K
b. plant with state-variable
feedback ®)
24 CJH
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I Concept of Output Feedback Design

Q State feedback design using only output meausrement typically comprises three steps:

1 we

and
utilize them in a full-state
feedback control law.

2 to

that are not
directly measured and available
as outputs.

3 is to appropriately

to the full-state feedback
control law. For linear system,
there is a so-called separation
principle such that the output
feedback system just works

System model

Control law

—-K

» (1)

X =Ax+Bu x(@) C
____________________ e
Observer
L. | do=yn-Cko
X=AX+Bu+Ly |«
» C

.. .- . .

N EERBEAT

7 45 ShanghaiTech University

EE160 Fall’25 lec7
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Controllability and Observability



I Controllability

A key question that arises in the design of state variable compensators is whether or not all
the poles of the closed-loop system can be arbitrarily placed in the complex plane.

Z
"¢/ ShanghaiTech University
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The concepts of controllability and observability were introduced by Kalman in if the system is controllable and
the 1960s: observable, then we can.

A system is completely controllable if there exists an unconstrained
control u(#) that can transfer any initial state x(¢,) to any other desired
location x(¢) in a finite time, f) = t = T.

For the SISO LTI system
x(1) = Ax(t) + Bu(1),
we can determine whether the system is controllable by examining the algebraic condition

rank[B AB A’B ... AlH

The controllability matrix P, is described in terms of A and B as

dimension of the system.
P.=[B AB A’B...A" 'B],

If the determinant of P, is nonzero, the system is controllable.



I Controllability

Example: Let us consider the system

+ 1 X3(s) 1 X5(9) 1| X
U(s) - = < » Y(s)
A} N S
ay <
aq <
dgy ¢
Check whether the system is controllable or not?
0 1 0 0
x)=| 0 0 1 |x()+]0|u@).
—a, —a; —a, 1
y() =[1 0 0Jx(r) + [0]u(2)
0 0 1
P.=[B AB AB]=(0 1 —a,
1 —-a a— a

The determinant of Pc = -1, hence this system is controllable.

D) ki8R A

g #¢/ ShanghaiTech University




I Observability

Observability refers to the a state variable.

BT

hanghaiTech University

w

A system is completely observable if and only if there exists a finite time 7 such
that the initial state x(0) can be determined from the observation history y(7)
given the controlu(7),0 = r =< T.

For the SISO LTI system
x(1) = Ax(t) + Bu(1),

This system is completely observable when the determinant of the observability matrix Po is nonzero,

C
CA

Po —

e
Supplementary: - -

1. Advanced state variable design techniques can handle situations wherein the system is not
completely controllable, but where the states (or linear combinations thereof) that
. These systems are classified as

2. These same techniques can handle cases wherein the system is not completely observable, but where
the states (or linear combinations thereof) that

. These systems
are classified as
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Bible Recommendation

Sigurd Skogestad
Ian Postlethwaite

Multivariable
- Feedback
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G / T
55 e
S0 = 0.05 =

SECOND EDITION

4.2 State controllability and state
observability

Definition 4.1 State controllability The dynamical system & = Ax + Bu
or the pair (A, B) is said to be state controllable if, for any initial state
2(0) = xo, any time t; > 0 and any final state xy, there exists an input u(t)
such that x(t1) = x1. Otherwise the system is said to be state uncontrollable.

From (4.7) one can verify that a particular input which achieves z(t;) = x;

is
u(t) = —B e W, (1) (e ao — a1) (4.40)
where W, (t) is the Gramian matrix at time ¢,
N &
W.(t) = f e"BBTe? Tdr (4.41)
0

There are many ways to check whether a system is state controllable. First, we
have that (A, B) is state controllable if and only if the controllability matrix

C2[B AB A?B A"1B] (4.42)

has rank n (full row rank). Here n is the number of states.

N BEART

ShanghaiTech University
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I Full-state Feedback Control Design i f Bk I

Assume that all the states are available for feedback, we have K?

u(t) = ~K'x(t)..

Determining the gain matrix K is the objective of the full-state feedback design procedure.

b achieve the desired pole locations of the closed-loop system.

System Model

—» x=Ax+Bu

—— e ——— — — — —

u(?) x(?)

|
Control Law :
|
[

|
|
|
:
|
|
|

. .

Copyriaht 2017 pearson Education, All Rights Reserved.

Theorem : Given the pair (A, B), we can always determine K to place all the system closed-loop poles
in the left half-plane if and only if the system is completely controllable—that is, if and only if the
controllability matrix Pc is full rank.
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I Full-state Feedback Control Design

Assume that all the states are available for feedback, we have
u(t) = —Kx(1).

Determining the gain matrix K is the objective of the full-state feedback design procedure.

b achieve the desired pole locations of the closed-loop system.

we find the closed-loop system to be

(1) = Ax(1) + Bu(r) = Ax(r) — BKx(1) = (A — BK)x().

The characteristic equation This is known as the
regulator problem.

det(Al — (A — BK)) = 0. That is, we want to

compute K so that all
If all the roots of the characteristic equation lie in the left half-plane, initial conditions are

then the closed-loop system is stable. driven to zero in a
specified fashion.
In other words, for any initial condition, it follows that

x(f) = eA BKix(1) >0 ast— .
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I Full-state Feedback Control Design Gl LR A=A I
Assume that all the states are available for feedback, we have
u(r) = —Kx(1).

Determining the gain matrix K is the objective of the full-state feedback design procedure.

For tracking purpose, addition of a reference input can be written as
u(t) = —Kx(r) + Nr(1),
where r(t) is the reference input.

Example: Let us consider the third-order system

3 2
d’y(r) g Sd y(1) a 3dy_(t) + 2y(8) = u(r).

dr? dt? dt
We can select the state variables as
xi() = (). { 0 1 o} H
x(t) = 0 0 1 [x(t) + | 0 |u(t) = Ax(t) + Bu(r)
—2 =3 =5 1

o) = dy(/d, W

) 2
x3(1) = d7y(t)/dt* YO =[1 0 0Jx(r).



I Controller Design by Matching Coefficients i e I

Example: We design a state feedback controller as

u(t) = —Kx(t), K=k k ki
then the closed-loop system is
x(r) = Ax(1r) — BKx(7) = (A — BK)x(7).
The state feedback matrix is

0 1 0
A-BK=| 0 0 1
22—k 3-k -5—k

and the characteristic equation is
AAN) =detMl — (A —BK)) =X+ 5+ k)X +B+k)A+ 2+ Kk)=0.
If we seek a rapid response with a low overshoot, we choose a desired characteristic equation such as

AN = (R + 2o + 02) (A + {w,).
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I Controller Design by Matching Coefficients

Example:

A(L) = (B + 2w, + 02) (A + Lwy).
We choose ¢ = 0.8 for minimal overshoot and w,, to meet the settling time requirement

S N
C gwﬁ a (0.8)0},1

l. — 0, =6

the desired characteristic equation is
(X + 961 + 36)(A + 4.8) = X + 144X + 82.1A + 172.8.
Recall the characteristic equation to be designed
AA) =detAl — (A —BK) =X+ (S+k)¥+ B+ k)r+ (2+k)=0.
vields the three equations

5+ ky = 14.4
3+ k = 82.1 — K =[170.8,79.1,9.4]
2 + &y = 1928,
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I Controller Design by Matching Coefficients

Example: Inverted pendulum control

g“ﬁrﬁﬂ&k#I
)
Ao

Consider the control of an unstable inverted pendulum balanced on a moving cart. Now we tend to design a
suitable state variablefep/ﬂ‘)ﬂﬁlr rontrnl cvuetom tn koon the r})\/[pnf]u]um ctrvino ite unctaple position.

s

e

To simplify, we assume that the control input, u(t), is an acceleration signal, we can focus on the unstable
dynamics of the pendulum.

The A matrix has the

0(r) = ‘?9({) — 1u(t). characteristic equation
A2 — %= 0 with one
Let the state vector be (x(t), x,(t)) = (0(t), 6(¢t)). root in the right-hand

s-plane.

dx(r)y | 0 1 |[x() 0
dr(xl(r)) - [g/l OJ(xl(r)) ¥ [—1/1}“)'



I Controller Design by Matching Coefficients

Example: Inverted pendulum control

: iLﬁﬂ&k#l
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To stabilize the system, we generate a control signal

wo=—Kmo=—wlb{“m):—mmo—bhm.

x,(1)

Substituting this control signal relationship into the system
(xmw)__[ 0 1 ]<xm0)
X,(1) (8 + k)/l K/l \xo(1) )
Obtaining the characteristic equation, we have

4 =1 sy _8+k1:,\z_(k2),\+8”rkl_
—(g+ k)/l A -kl ! l ! !

Thus, for the system to be stable, we require that
k,/l < 0andk, > —g.

If we wish to achieve a rapid response with modest overshoot, we select

w, = 10 and ¢ = 0.8.

Then we require

k
7 —16 and = 100.
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I Controller Design by Matching Coefficients

Tips for making our life easier:
1. For a SISO LTI, Given the desired characteristic equation

\ 5 R B A I

— \n n—I1 S i
q(A) = A"+ X7+ + a,, Invertible

Matrix

Then Ackermann's formula is useful for determining the state variable feedback ma

K=1[0 0...0 1]P;'g(A),

where Pc is the controllability matrix and

-1 Controllability x = Ax+ Bu
g(A) = A" + a, A" + - A + ol e Cxt D

2. Matlab Code: T I

Pc=ctrb(A,B)
Vector containing desired Po=0bsv(A,C)

Feedback gain matrix K. x = Ax+ Bu

closed-loop poles. l
K =

}I( acker(A,B,P) Observability x=Ax+Bu
= 1y ¢ . _ N D
K=place(A,B,p) matrix y=Cx+Du




I Controller Design by Transformation

O We find the phase variable version of a controllable system, and design the gain matrix.
* It can be proved that the transformation matrix P is related to the two controllability matrices:

) Bl AR

ShanghaiTech University

_ -1
P= CMzCMx
O The gain matrix for the original system can be derived using the transformation matrix P.
K, = K.P™' - i
Z X PROBLEM: Design a state-variable feedback controller to yield a 20.8% overshoot and
a settling time of 4 seconds for a plant,
-5 1 0 0
+4
. G(s) = (s+4) (12.43)
z=Az+Bu=| 0 -2 1|z+|0]|u (s+ 1)(s+2)(s+5)
0 0 -1 1 : : —
that is represented in cascade form as shown in Figure 12.9.
y=Gz=[-1 1 0]a Open loop poles
0 1 0 0
X = AxXx + Byu = 0 0 1(x+|0|u
-10 -17_ -8 1
y=[4 1 0]x Characteristic equation coefficients ! ’
FIGURE 12.9 Signal-flow
graph for plant of Example 12.4 -1 -2 -5

EE160 Fall’25 lec7 41 CJH



I Controller Design by Transformation

PROBLEM: Design a linear state-feedback controller to yield 20% overshoot and a settling
time of 2 seconds for a plant

CO=G7 9)8 i g;(s +7)
that 1s represented 1n state space in cascade form by
-7 1 0 0
z=Az+Bu= 0 -8 1{z+ |0 |u
0 0 -9 |

y=Cz=[—1 1 O]z

/ J ShanghaiTech University
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Partially Controllable System
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I Partially Controllable System

O Given a single-input continuous-time linear time-invariant controlled system, determine whether
there is a state feedback matrix K so that the closed-loop eigenvalues are configured to the
following positions.

2100] [0
0200 |1
X = X = u
00-20[ |1
000-2] |1

(@A =-2, ==2, A ==2, 1 =2

B =-3,4 =-3,1 ==3,1, =2
(A =34 =—4, A =3, 4, =3

EE160 Fall’25 lec7 44 CJH
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I Partially Controllable System

0 Write out the differential equations for x5 and x,:

O Write out the differential equations for x5 and x,: =l
o _ - Jt4 = "‘214‘{“1”.
¢ X3 = _2x3 + lu * Define a new state denoted by Ax = x; — xy,
° 3.6'4 = —2X4 + 1u 'whichisgu\-'emedbyd%ﬂx=—2Ax
+ The cigenvalue of the new state Ax cannot be modified by .
® Deﬁne a new state denoted by Ax = X3 - X4,, - This is what essentially the concept of uncontrollable state.
. . d QO For the first block, we can use the idea of back-stepping:
° WhICh 1S govemed by d_t Ax = —ZA.X' * To control x; or do pole placement, we can use x; as virtual input v.
. . * Thatis, x :l(—Zx +u)=v
 The eigenvalue of the new state Ax cannot be modified by u. e Ut s o
we want to place the first eigenvalue to — 12, then we can design v = —14x;,
- This is what essentially the concept of uncontrollable state. " whichghes = 23 $0/= ~12y

+ Even though the DoF of x; = —14x; has been used, its eigenvalue is not yet been determined.

* We can design u = —14x; to place the eigenvalue of x; to a new location.

*xy =y tlu=-10y,

+ The derivative of x, is related to its eigenvalue. The value of x; = v is used to place the cigenvalue of x;.

Q For the first block, we can use the idea of back-stepping:
* To control x; or do pole placement, we can use x, as virtual input v.
* Thatis, x, = %(—sz +u)=v
 If we want to place the first eigenvalue to —12, then we can design v = —14x,4,
* which gives x; = 2x; + v = —12x;
* Even though the DoF of x, = —14x; has been used, its eigenvalue is not yet been determined.
* We can design u = —14x, to place the eigenvalue of x, to a new location.
° Xy = 2x, + 1lu = —12x,.
* The derivative of x, is related to its eigenvalue. The value of x, = v is used to place the eigenvalue of x;.

EE160 Fall’25 lec7 45 CJH
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I Partially Controllable System

QO Further consider this state space model and do what we have done again. 31 0 071 T[17
O Write out the differential equation for x; and x,: - 03 0 O ot 1 ;
© X3 = —2x3+ 1lu 100 -2 0 1
° X4=_2x4+2u _O O O _2_ _2_

* Define a new state denoted by Ax = 2x3 — x4,
* which is governed by %Ax = —4x3 + 2x, = —2Ax
* The eigenvalue of the new state Ax cannot be modified by u.
- This is again what essentially the concept of uncontrollable state.

O For the first block, let’s also cancel the input u by defining a new delta state.

. %Ax=%(x1—x2) = 3x; + x5, — 3x, = —=3Ax + x,

* Here, x, 1s affected by u and can be treated as a virtual input.

EE160 Fall’25 lec7 46 CJH



I Partially Controllable System

O Finally, let’s also check the eigenvalues of 3 and —2 they are not closed dynamics
(--closed dynamics cannot be affected by input u)

° Xp =3x, +1u 31 0 O 1
© X3 =—2x3+1u 03 0 O 1
d T = z+ U
. an=3x2+2x3=3Ax+5x3 00 -2 0 1
* Now the state x3 can be viewed as a virtual input that is affected by input u. 00 0 -2 |2 ]

EE160 Fall’25 lec7 47 CJH



I Linear Algebraic Basics

O The reason why a matrix’s determinant is equal to
the product of all its eigenvalues.

N BEART

ShanghaiTech University

FFLMITEREPRE (Jordan Canonical Form, JCF) , E{T5IMi+EIES
YEIRERERNTIRSETEINAL LG T RHNER,.

MR—ANURERERE J WERBLETEA A, A2, ..., Ay (RERZRERIREE), BA:

det(J) = )\1 ')\2 ceet An,
At AR EFITE?
XMEEE TR BRI EIER:

1. =REENITIIXER: YYRERERE— N E=M5EME (Upper Triangular Matrix). B8
ERZRENEETHALLUNRERNALZ EHN—FINALZLE, ERNALTHERAE,

o WTFHEME=MAERE (RF=MAEM), ETTIXBETENAL LAETRNTER.

o EWMEME: mitEIIIXE, aLERRERETEF (Laplace Expansion). ¥F E=#
5BPE, WMEBRNTEEBEJIEHN, RBEEE apn X—T, ERERUNABRFANAR
— P E=RERE. HUEHE, SRERMEXNALTRNTRR.

. AEARERERYITIRN MR AR A BEMTENSITER J, XBkREFE—EER P
, #18 A= PJP L,

IRIEFIITAIE: det(AB) — det(A) det(B).
Aitt, det(A) = det(PJP~') = det(P) det(J)det(P1).
BT det(P-1) = 1/ det(P), EATRTLUEEIEH
#36: det(A) = det(J).
B4 AANERER J B— 1 L=AEME, FMUERITIIRETHALTE (FIEE) HRP,

XERRERE A S T80, FUEN8THEEE. XRENTAER A NITHXtEETEAER
{EERRHRH.
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I Observer Design

Next big question,
* Wwhat if the state x(t) is not available?

» Especially when x(t) does not have a good physical meaning.
* Or when you can afford an expensive sensor?

ShanghaiTech University

D R B A I
u(t) = —Kx(1).

Fortunately, if the system is completely observable with a given set of outputs, then it is
possible to determine (or to estimate) the states that are not directly measured (or observed).

According to Luenberger, the full-state observer for the system

X(1) = Ax(r) + Bu(r) u(t) o)

y(r) = Cx(r) l
is given by Observer
(1) = AR(1) + Bu(t) + L(v(1) — CX(t - 5(t) = y(t) — Cx(0) XF
R(1) = AR() + Bu(t) + LO/®) — CR()) 4, < VU b
where B

« X(t) is the so-called estimates of the state x(t)

* matrix L is the observer gain matrix and is to be determined as part
of the observer design procedure.
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I Observer Design

%(r) = AR(r) + Bu(r) + L(y(t) — C&(1)) 2(ty) = %o

The goal of the observer is to provide an estimate X(t) — x(t) as t — oo,

in general, not equal x,

Define the observer estimation error as

e(r) = x(tr) — X(1).
The observer design should produce an observer with the property that

e(t) > 0ast >

Taking the time-derivative of the estimation error
e(1) = x(1) = %()
= Ax(t) + Bu(t) — AX(¢) — Bu(t) — L(y(r) — Cx(1))
= (A — LC)e(1).
Conclusion: We can achieve our goal if the characteristic equation
det(Al — (A —LC)) =0

has all its roots in the left half-plane.
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Example: Consider the second-order system

x(f) = [_21 ﬂx(t) s [ﬂu(r)

y() =1 0O]x(z).
In this example, we can only directly observe the state y(t) = x,(t).

; 3]

R(1) = AR(¢) + Bu(r) + L(y(r) — CR(?))

checking the system observability

I
I
=)
Q a
L 1
I

The full-state observer for the system

where
L=JI; LI

Then the characteristic equation of the estimation error yields

det(Al — (A —LC)) = ¥ + (L — 6)A — 4(Ly — 2) + 3(L, + 1),



:
I Observer Design =

Suppose that the desired characteristic equation is given by PIERGROSHITE

AyA) = X + 2w\ + Wl °
o

We can select ¢ = 0.8 and w,, = 10, resulting in an expected settling time of less than 0.5 second.

“settling” mean?

Equating the coefficients
Li—6=16
—4(Ly —2) +3(L, +1) =100

=[2]-[2]
L, 59 0
The observer is thus given by

=2 Tko+ [+ | 2]ow-ao.

0 0.2 0.4 0.6 0.8
Time (s)

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

which, when solved, produces
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I Observer Design

Note:

1. Given the desired observer characteristic equation

p(/\) = X+ BH—I/\”_] M Ree F Bl/\ iy Bo.
Ackermann’s formula can also be employed to place the roots of the observer
L =p(A)P,'[0---0 177,
where Po is the observability matrix

p(A) = A" + B, A" 1 + - + BIA + Bl

2. Up to now, the effectiveness of the observer has NOTHING to do with the control input
and it will NOT alter the behaviour of the system



I Observer based Feedback Control T

Recall

It seems reasonable that we can employ the state estimate in the feedback control law in place of x(t).

u(t) = —Kx(1).

We need to verify that, using the estimate still retain the stability of the closed-loop system.

Proof: Substituting the observer-based feedback law into the system model yields
x(1) = Ax(t) + Bu(t) = Ax(t) — BKX(7),
and with X(t) = x(t) — e(t) we obtain
x(f) = (A — BK)x(1) + BKe(7). 7]

Recall the the estimation error - » (?"(f)) _ [A — BK BK }(X(f))
e(1) 0 A —LC |[\e(t) )

é(r) = x(1) — X(t) = (A — LC)e(t).

—

B A()\) = det(A — (A — BK) )det(M — (A — LC))
So if A-BK and A-LC are both Hurwitz, then the overall system is stable.



I Observer based Feedback Control

The fact that the full-state feedback law and the observer can be designed independently
is an illustration of the separation principle.

>L@ﬂ&kﬁl

7 ShanghaiTech University
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The design procedure is summarized as follows:

1. Determine K such that det(AI — (A — BK)) = 0 has roots in the left half-plane and
place the poles appropriately to meet the control system design specifications. The

ability to place the poles arbitrarily in the complex plane 1s guaranteed if the system is
completely controllable.

2. Determine L such that det(AI — (A — LC)) = 0 has roots in the left half-plane and
place the poles to achieve acceptable observer performance. The ability to place the
observer poles arbitrarily in the complex plane is guaranteed if the system is completely
observable.

3. Connect the observer to the full-state feedback law using

u(t) = —Kx(1). Note that, even though A -

Compensator Transfer Function. BK is stable and A - LC'is
stable, it does not

U(s) = [-K(sI = (A — BK — LC))"'L]Y(s). necessarily follow that A -

BK - LC is stable.

This controller is also commonly referred to as a stabilizing controller.
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I Observer based Feedback Control

Example: Compensator design for the inverted pendulum

{aﬁﬁ! = =
4 I 2 ~ RSYA
£ w, §E

7 p

A oS

01 0 0 0
—mg 1
00 —2 0 —
) M M
) = +
XO=14y o o 1[X® o 40
-1
00 0 Ml

y() =[1 0 0 O0O]x(¢).
Let the system parameters be

[=0098m, g =98m/s’, m = 0.825kg M= 8.085 kg.

Checking controllability yields the controllability matrix

0 0.1237 0 12621 E o @ g
0.1237 0 1.2621 0 {01 0 0
P = . P, =
B 0 —1.2621 0 —126.21 0 0 -1 0
—1.2621 0 —126.21 0 0 0 0 -1



) Bl AR

g \45 ShanghaiTech University

I Observer based Feedback Control

Step 1: Design the Full-State Feedback Control Law

The open-loop system poles are located at
A = 0,0, —10, and 10,
hence the open-loop system is unstable (there is a pole in the right half-plane).
g(A) = (¥ + 2lw,h + 02) (X + ak + b),
1o obtain a settling time less than 10 seconds with low overshoot, we can select

(¢, wa) = (08,0.5). 0

Observer poles
20 X

Then, we choose a separation factor of 20 between the dominant poles and
the remaining poles, from which it follows that

(a,b) = (16, 100) N
0 X x

Open-loop system poles

The desired roots are E ”
det(AI — (A — BK)) = (A + 8 + j6)(A + 04 £ j03).
Using Ackermann's formula yields the feedback gain matrix 2 X e Cpeleolithe chedionn Shn
K = [-22509 —7.5631 —169.0265 —14.0523]. T

©2017 Pearson Education, Al Rights Reserved



I Observer based Feedback Control

Step 2: Observer Design
The desired observer characteristic equation is selected to be of the form

p(A) = (¥ + ¢ciA + ¢)?

where

¢y =32 and ¢, = 711.11.

These values should produce a response to an initial state estimation
error that settles in less than 0.5 second with minimal percent overshoot.

Using Ackermann's formula, we have

64.0
2546.22
—5.1911E04
| —7.6030E05 |

achieves the desired observer pole locations

det(AI — (A — LC)) = ((A + 16 + j21.3)(A + 16 — j21.3))?

The goal is to achieve an accurate
estimate as fast as possible without
resulting in too large a gain matrix L.

How large is too large depends on the
problem under consideration.

The trade-off between the time required to
obtain accurate observer performance
and the amount of noise amplification is a
primary design issue

30

Observer poles

20 X7

Open-loop system poles

%(77,

T

—20

Im(A)
[=]
\

Desired poles of the closed-loop system

K|

—30
—20 —15 —10 —3 0 5 10

Re())

rved
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I Observer based Feedback Control

Step 3: Compensator Design

The final step in the design is to connect the observer to the full-state feedback control law via
u(f) = —K&(1)

This stabilize the closed-loop system, however, we should not expect the closed-loop performance to be
as good when using the state estimate from the observer.

8 6
6| an
S 4
/;8‘ Using the full-state feedback g
& 4 law u(t) =—Kx(®) 2
= o
2 g
S W 2 0
: | 2
55 | <
5 o £
(ol . 5 5 =
i Using the estimated state in g —2
» ll'l\ the feedback law u(t) = —Kx(¢) 2
y £
—6 —4
0 1 ) 3 4 5 6 0 0.2 04 0.6 0.8

Time (s) Time (s)



I Observer Design Example

O Given a continuous-time linear time-invariant system, design a Luenberger observer such that the
roots of the characteristic equation of the dynamic of the observation error are all located at -3, -3, -4.

Find) £ i8R A

o ¢/ ShanghaiTech University

[ =12 -2 |
x=|0 -1 1|x+|0|u
10 -1y |1
y=:l 1 O]x

EE160 Fall’25 lec7 61
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Reference Input and It’s Steady State Erxror



I Reference Input

.
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We referred to the previous design of state variable feedback stabilizing compensators without
reference inputs (i.e., r(t) = 0) as regulators, however, command following (trajectory tracking) is

also an important aspect of feedback design

Let s consider how we can introduce a reference signal into the state variable feedback compensator.

(1) = AR(1) + Bii(f) + Ly(r) + Mr(r)
u(t) = u(t) + Nr(t) = —Kx(t) + Nr(t),

where

y(t) = y(@t) — Cx(1)

u(r)

The compensator key
design parameters
required to implement
the command tracking of
the reference input are
M and N.

System model

X(1)

Y
@

N EERBEAT

ity

> V(1)

» x=Ax+Bu

Recall the 2DoF design for command tracking:

v
=
()
/

r(t)

F(s) Ar
Wref M\ e +L Tee rt—JA W
£(s) G(s)

v
Observer

g U (1) = y(t) — CX(¥) /‘
X=AX+Bu+Ly+Mr [«

¥ N
/T /L" u(t) Control law
Wmeas tn FIGURE
N AT K
State variable
Fig. 4. Block diagram of the 2DOF structure. compensator

with a reference
input.

A

\ 4
&




I Reference Input

Case 1, we select M and N so that the estimation error e(t) is independent of the reference input r(t)

&) ki A A

3’,, %/ ShanghaiTech University

the estimation error
e(t) = x(1) — % (1) = Ax(¢) + Bu(r) — A(r) — Bii(r) — Ly(r) — Mr(1),
= (A — LC)e(t) + (BN — M)r(1).
Suppose that we select

M = BN.

Then the corresponding estimation error is given by
é(1) = (A — LC)e(r).

In this case, the estimation error is independent of the reference input, and the remaining task is to determine a
suitable value of N.

With M = BN, we find that the compensator is given by

(1) = AR(1) + Bu(r) + Ly(¢)
u(t) = —Kx(r) + Nr(t).
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I Reference Input

Case 1, we select M and N so that the estimation error e(t) is independent of the reference input r(t)

(1) = AR(0) + Bu(f) + Ly(0)
u(t) = —Kx(t) + Nr(t).

System Model
+ u(t) x =Ax+ Bu
r(t) ——pl N PQ = - > (1)
y=Cx
+

— [

Control Law Observer :

FIGURE 11.12 :

(A—LC)X+Bu+Ly |¢—

compensator with
reference input and C
ompensator

|

|

|

| L]
State variable ; K 1 X

|

|

|
M = BN. D 4

the compensator is in the feedback loop
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Case 2, we select M and N so that the tracking error y(t) — r(t) is used as an input to the compensator:
Recall,

(1) = AR(1) + Bi(1) + Ly(1) + Mr(2)
u(t) = u(t) + Nr(t) = —Kx(t) + Nr(t),

suppose that we select
N =0andM = —-L
Then, the compensator is given by
% (1) = AR(1) + Bu(r) + Ly (1) — Lr(¢)
u(r) = —Kx(r),

leads to

e=x—-x=(A—-LC)e+Lr
x = (A — BK)x + BKe



I Reference Input

Case 2, we select M and N so that the tracking error y(t) — r(t) is used as an input to the compensator.
rewrite the compensator as

/ 7 ShanghaiTech University

£(1) = (A — BK — LO)X(¢) + L(y(¢) — r(?))

u(t) = —Kx(1).
P e e e e T e T e S T e e i e e Ty e e = e T n S St Tt |
: Compensator |
|

| |

: Observer Control Law : System Model
FIGURE 11.13 | | .
State variable 0] —| x=(A-BK—-LOX+L(y—r [ -K :—u()> x=Ax+ Bu > y(1)
compensator _ | | y =Cx
with reference : :
inputand N =0 | T~ T T T T oo T
and M = —L.

the compensator is in the forward path.

Depending on the choice of N and M, other implementations are possible, for instance, the internal model design.
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I Internal Model Design

Now, we consider the problem of designing a compensator that provides asymptotic tracking of a
reference input with zero steady-state error.

b include steps, ramps, and other persistent signals, such as sinusoids

L achieved by type-one system, type-two system, and ??

This idea is formalized here by introducing an internal model of the reference input in the compensator

Consider

x(r) = Ax(r) + Bu(r), y(r) = Cx(1).
We consider a reference input to be generated by a linear system of the form
5,(0) = Ax(1), () = dx,(0),
with unknown initial conditions.

For instance, for a step reference input
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I Internal Model Design

Then, the tracking error e(t) is defined as

Taking the time derivative yields
e(t) = y(t) = Cx(1).

If we define the two intermediate variables

z(t) = x(t) and w(t) = u(t),

e(r)y |0 C |fe(r) 0
(m)) - [o A](z(r)) * [B}W(”'

If the system is controllable, we can find a feedback of the form

we have

This implies we will have
w(t) = —Kie(t) — Kz(1) achieved the objective of

asymptotic tracking with
zero steady state error.

such that the system is stable.
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The control input, found by

u(t) = —-K, fo e(r) dr — Kx(1).

The corresponding block diagram

DT ————— Process

| |
+ E(s)! “+ |
R(s) (S); »| K| —> % { ) — G(s) » 1(s)
_ I = |
[ |
: K2 4; X(s)
|
[ |

The internal model principle states that if G(s)Gc(s) contains R(s), then y(t) will track r(t)
asymptotically.

achieved by type-one system, type-two system, and
w

controller contains ——
S“tw




I Internal Model Design
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O Example: consider the following state space model, design a state feedback controller u = u(x), that
tracks a step reference input r(s) = % with zero steady state errore =y — 7.

0 1 ‘x([)ﬂ—

0

L Juo). ()= 1 0 |x().

{
u(t) = —K; L e(t)dr — Kax(t).
O Further design the controller with output feedback control u = u(y) and the input is a ramp r = s

sz’

EE160 Fall’25 lec7 71 CJH
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I Internal Model Design

0 Design an internal model controller for a dc motor (3" order model) with its angular position
: . . 1
tracking a ramp input reference signal r = 7z
1 GD B ERENRE
AT IR —1 TRE +1, BIRBRIZEE RS

ZE{TE s HRE:
1. 17 (R]): 2 =2
. BT (B8): hh—e=0 —r(EE: XEO WERIAEET)
. #5517 EHF): 0=0
. BT @BHE): Q=i (FHEHFJ =1,B;=0)
. BET (BK): 1= -Q—i+u(BHHEHTFL=1,R=1,Kp=1)

e(t) = y(t) —r(t) = O(t) — r(t)

2. 9B 5%3 58" (Chain of Integrators)

ATIEREAER, BNFEIIRRAGRESZIFEEREHNSHXR. UBRNZRMEDS
(MARIRRRLDZIEFIE NG AIRFRIEEE:

21

FIBEER (Kr = 1,...), RANYEEES:
1. i EE) BINEE Q (Q = 1)
. FERE O IR MEE O (0 = O)
3. RO R REMS (5hh=e=0 —7)
4. REMS 2, W) WEBRS 2 (5 = 2)

22
Y=
Q

)

U= _Kma — [kzl k;:'}! kﬂ kw kz]

XA T — 1 SeRB B RS

o z(t) = f;(@ —r)dr = f; e(t)dr
o 2(t) = f; zo(T)dT = fot JJ e(r)drdo

EE160 Fall’25 lec7 72 CJH
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Optimal Control (LQR)
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Definition: The design of a systems that are adjusted to provide a minimum performance

index such as

¥ = / g(x,u, 1) dt,
0

are called optimal control systems

Consider the LTI SISO system
x(t) = Ax(t) + Bu(r).

select a feedback controller as

u(t) = —Kx(1),

yields
x(t) = Ax(r) — BKx(7) = Hx(1),

where H is the n X n matrix.
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Consider an error-squared performance index

J = /mxT(t)x(t) dt.

0
where

xl(t)
O = (510, 12(8), %5(0), - %, ()] 20
(1)

= x12(t) + xzz([) + x32(t) L/ T xn2(t),

To obtain the minimum value of J, we postulate the existence of an exact differential so that

d
S ((OPx(0) = = (0)x(0),

where P is to be determined. A symmetric P matrix will be used to simplify the algebra without any loss of
generality. The scalar function xT Px is known as Lyapunov function.
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I Optimal Control Design

Differentiating the Lyapunov function V = xT Px gives

i(xT(t)Px(t)) = x"(O)Px(1) + xT(1)Px(1).

dt
= x/(¢1)(H'P + PH)x(?).
If we let
HP + PH = . If H is Hurwitz, the existence of an
symmetric and positive definite matrix
then P is guaranteed, this equation is aka

d
E(XT(I)PX(I)) = —x'(1)x(1), the Lyapunov equation

which indicates to

co

J= /0 w —%(XT(I)PX(I)) dt = —x'(t)Px(¢) . x7(0)Px(0).

The design steps are then as follows

1. Determine the matrix P that satisfies above Lyapunov equation, where H is known.
2. Minimize J by determining the minimum of x* (0)Px(0) by adjusting one or more unspecified system
parameters.
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Example:

X X
U(s) —— % RSO —1(S)>Y(s)

The vector differential equation of this system is

d{x(t)y [0 1/|[[{x(r) 0
E(xim) - [0 OJ(x;(r)) : [1]”‘(‘)‘

We choose a feedback control system so that

u(t) = —kixi (1) — kaxo(1),

Then the system becomes
x1(1) = xa(1),
X (1) = —kyxi (1) — kpxo(2).
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Example:

In matrix form, we have
0 1
) = H = '
x(1) x(1) [_kl _kz]x(r)

Let ki = 1 and determine a suitable value for k-, so that the performance index is minimized.

From the Lyapunov equation, it follows that
|:0 —1 :||:p11 P12j| 4 |:P11 P12:||: 0 1 :| _ |:1 0:|
I —k |lLpn P2 P2 Pnll-1 —k 0 -1
Completing the matrix multiplication and addition yields

—Pp12 — P2 = —1L, ,
o 1 1 ky” + 2
P11 — kapi2 — pn =0, Pp== Pn=—  Ppn= .
2 k 2k,
P2 — kopy + P12 — kapy =

I
I
-
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Example:

Consider the integral performance index is then
J = x'(0)Px(0),
where

x* (0 = {1, B}

Therefore J becomes

P11 P12 1
=0l 1 = + 2 - .
/=1 ]|:P12 P22:|[1:| <M SO

Substituting the values of the elements of P, we have

ky2 + 2 1 k2 + 2k +4
Fe"_ 4iffi—= :
2k, k, 2k,

1o minimize as a function of k2,

dl  2ky(2ky +2) — 2(ky* + 2k + 4)
dk, (20)?
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I Optimal Control Design

Example:
Therefore

ky =2
when J is a minimum. The minimum value of J is

Jmin = 3.

The system matrix H, obtained for the compensated system, is then

0 |
H = :
—1 2
The characteristic equation of the compensated system is therefore

— H] = =2 +21+1.
det[Al — H] det[ - 2} R+220+1

therefore the damping ratio of the compensated systemis & =1 we recognize that this system

is optimal only for the specific set of
initial conditions that were assumed.
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Example continue:

let us consider again
0 1
x(1) = Hx(¢t) = x(1).
(1) = Hx(1 [_kl _kj (0
with 'k, = k, = k. Then system becomes
: 0 1
x(1) = Hx(t) = |:—k _k:|x(t).

1o determine the P matrix, we use the Lyapunov equation, yielding

Let us consider the case



) Bl AR

\4@5 ShanghaiTech University

I Optimal Control Design

Example continue:

Then the performance index becomes

J = /wa(t)x(t) dt = x"(0)Px(0) = p;; = st :
0

1+ =
2k 2k

Then the minimum value of J is obtained when k approaches infinity, which is 1.

Now, we recognize that, in providing a very large gain k, we can cause the feedback signal
u(t) = —k(x (1) + x(1))

to be very large, cause in many cases, we have physical limits on the control magnitude.
We can limit the control effort by including it within the expression for the performance index

= /m(xr(l‘)lx(l‘) + aul(Hu(r)) dr,

The weighting factor A will be chosen so that the of the state variable performance is
contrasted with the importance of the control energy.
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Example continue:

Now, let us consider again when A is other than zero and account for the expenditure of control signal energy.

we still use a state variable feedback

alt) = —Kx(f) = [k —k](xl(t)).

The performance function becomes

— ) 14 T — ) 1!
J = /0 x'(0)(I + AK'K)x(t) dt = /0 x' (1)Qx(1) dt,

Q:I+/\KTK:[

1452 AE
AKk? 1+ &L% |

let x7(0) = (1, 0) yielding

1 dl 1 1
= = 2 — ] — 2 —_—= == — == ) =
J=pyu=(1+ Ak )(1 <k Zk) Ak-. - K 2()\ kz) 0.

Therefore, the minimum of the performance index occurs when

k= kmin = 1/\/X=
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Linear Quadratic Regulator (LOR)

Previous design procedure can be carried out for a more general LTI SISO systems

x(r) = Ax(t) + Bu(r)
with feedback
u(t) = —Kx(t) = —lky k... k,]x().

We can consider the performance index
J = / (xT(1)Qx(t) + Ru?(t)) dt,
0
where R>0 is a scalar weighting factor. This index is minimized when
K = R'B'P.
The nXn matrix P is determined from the solution of the equation

AP + PA — PBR 'B’P + Q = 0.

which is often called the aloebraic Riccati equation.



i) R AY

W fE
oot 7¢/ ShanghaiTech University
Jrrecu vt

Kalman Filter (Optional)
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I Summary

Regulator problem Output Regulation

Controllability Robust control

Full-state feedback control law

Pole placement Kalman state-space decomposition
Separation principle

Observability Kalman filter

Observer ‘ Reduced-order observer design
Estimation error

Command following Adaptive control

Internal model design

Optimal control
Linear quadratic regulator MPC
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I Kalman Decomposition RS Smngharrech Uomvarsiy
O Kalman Decomposition:

* Controllable and Observable

* Uncontrollable and Unobservable

* Controllable and Unobservable
* Uncontrollable and Observable

EE160 Fall’25 lec7 88 CJH



