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Frequency Response
(The study of system in terms of input and output)



g #¢/ ShanghaiTech University

I Frequency Response
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O Consider a sinusoidal input to a transfer function G(s), and its output is: G(s) ﬂ.—
As + Bw
C(s)=——=G = 1/A2+ B2 .= —tan~ !
O=Gren®®  Mi=VA'+B*  ¢;=—tan" (B/A) FIGURE 10.3 System with
sinusoidal input
C(s) = As + Bw G(s) P

(s +jo)(s = jo)

K K K K>
=—1 4+ 2 Partial fraction terms from G(s) Steady state Csls) = — + -
Stjw §s—jw S+jw S—jw

where MiMc _jgpe) MiMG jirgo)
As + Bw 1 l o C =—2 +—2
By=— —jw G(s) s — —jo 2(A +JB)G(—jw) = 5 e WiM ge e ss(5) s + jo s —jw
_MMc _ip+0)
=——¢ @ o ( ol @ ditds) 4 ej((‘)t+¢i+¢6)>
c(t) = M;M
A+ B { 1 . - LG
K =206 =S (A= BI)|= 5 Mie Moes -
h} (4)) s — +jw
J +j Y = MiMG COS (O)f o Q’)i =+ 45(;)
=i G ej(¢i+¢G) = Kj{
2
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O The frequency response is an idea of modeling

M,(0)£¢,(@) = M(@)M(0)£[$i(@) + Pp(w)]

the system as an gain in amplitude and a shift Spiis > x()=M,cos(@+,)
in phase of the input sinusoid of angular
frequency of w T Mass f— f(t) = M; cos(or-+¢))
Viscous damper
. M 0(0)) (a)
M(w) = ————
M;(w)
Mi(@) £ () M) Z (o)
= M(@)Zp(w) -
H@) = d,() - ()
We call M (w) the magnitude frequency response and ) (@)
¢ (w) the phase frequency response. A A
J M; <~ M,=M;M

KB
T
L .
T

FIGURE 10.2 Sinusoidal °"
frequency response: a. system; '

b. transfer function; c¢. input and Input Output
output waveforms (¢)

EE160 Fall’25 lec5 4 CJH



I Plotting Frequency Response

O There are two methods.

O Bode plotis
* magnitude M in decibels (dB = 20 log M) vs. logw

M, ()
Mi(w)

 and phase angle ¢ vs. logw,

(@) = d,(w) = di(w)

M(w) =

with frequency variable w belongs to (0, o)

O Nyquist plot is a polar plot, where the phasor
length 1s the magnitude M and the phasor angle is
the phase ¢.

* The frequency variable w changes from —oo to +oo,
i.e., w € [—00,400]

Frequency variable is explicit

and w € (0,x)

Frequency
variable is

implicit
and w €
[—00, +00]

) £ 8 BeR s

ShanghaiTech University

QO =zeros of 1 + G(s)H(s)
= poles of closed-loop system

Location not known

-12 — N
N
-18 N
E ™~
é" -24
o
N30 N
N
-36
NN
B 0.1 i 10 100
Frequency (rad/s)
0 ——
-10 [ —
20 -
g 30 T
.,
% -40 -~
=S
2 -50
s -60
=
& 70 N i
-80 I~
-90 I
0.1 i 10 100
Frequency (rad/s)
N Im
1 GH-plane Test radius
O A
B
— A A A 6 = G(s)H(s) —> : - e

®

X =poles of 1 + G(s)H(s)
= poles of G(s)H(s)
Location is known

EE160 Fall’25 lec5
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Plotting Frequency Response

PROBLEM: Find the analytical expression for the magnitude frequency response and
the phase frequency response for a system G(s) = 1/(s + 2). Also, plot both the separate
magnitude and phase diagrams and the polar plot.

G(jo)| = M(w) = 1/1/(@* +4)

—-0.05 1
d(w) = —tan™ (w/2).
-0.10
O
g
=0.15 FH
—]_|
N
-0.20 NN
FIGURE 10.5 Frequency
response plot for 435 L ™~
G(s) = 1/(s +2): B 6 R
polar plot Note: r/s = rad/s NN
200 1 10 100
Frequency (rad/s)
0 EE—
-10 <
~ 20 SN
g -30 =
£~ ]
2 30 <
& -60 BN
FIGURE 10.4 Frequency & 70 -
response plots for -80 i ——
G(s) = 1/(s +2): separate N3 1 10 100
magnitude and phase diagrams Frequency (rad/s)
6 CJH
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Bode Diagram

I Plotting Frequency Response | | =]

)
2.0}
PROBLEM: -‘é,
®© -60
a. Find analytical expressions for the magnitude and phase responses of ®
-80
1
- 0
60 =6+ clear;close all;clc;
11y, _ 5 ®r
b. Make plots of the log-magnitude and the phase, using log-frequency in rad/s as the S= tf( S ), G=1 / (S§ .
ordinate. figure(1); subplot(: £
c. Make a polar plot of the frequency response. h = bodeplot(G); h. I
h.L ndVisible =1 e Ts o 0 102
ANSWERS: . ege d > b € Frequency (rad/s)
i 6w grid on;
a. M(w) = - 2' for w < \/g : ¢(w) = —arctan (8 — wz)’ for subplot(212)
V8= +(60)
W = Iogspace(O, 2, Polar Plot: G(s) = 1/(s+2)/(s+4
6w - 90°
w > \/g : Pp(w) =— |:7T + arctan <8 — a)2>} S = 1] W, 120° 60°
e G=1./(s+2)./ (s+ >
2 - mag = abs(G); pha:t 150° 20
1 o _ polarplot(phase, i -
| T title('Polar Plot: H(
ok rlim([0, max(mag)* L (@ &
15 ™ | ] 210° &/ 380°
240° 300°

> 7
EE160 Fall’25 lec5 a7t
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Asymptotic Approximations of Bode Plot



| Bode Plot for G(s)=(s+a)

G(jw):(ja)+a):a(j%+l)

) £ 8 BeR s

ShanghaiTech University

42 +20 loga
36 +20 loga A ) ) ) )
O We call the straight-line approximations
30+20 loga
P asymptotes.
24 +20 loga . . .
8% Biblesa ,/ * The low-frequency approximation is called the low-
¢ d frequency asymptote,
12+20loga . . . .
P Slope = 6 dBloctave * and the high-frequency approximation is called the
- = 20 dB/decads high-frequency asymptote.
20 loga
O The frequency, a, is called the break frequency
0.91a 01z a 10a 1002 because it is the break between the low- and the
Frequency (rad/s) .
@ high-frequency asymptotes.
% - 0 To normalize s + a, we factor out the
1 . S
75 A1 quantity a and form a(= + 1)
3 A a
:;:’0 <0 * The frequency is scaled by defining a new frequency
§ = /// Slope = 45°/decade variable, S1 = S/a'
g 30 1 ¢ Then the magnitude is divided by the quantity a to
15 yield O dB at the break frequency.
0
0.0la 0.1a a 10a 100a  FIGURE 10.6 Bode plots
Frequency (rad/s) of (s + a): a. magnitude plot;
®) b. phase plot
CJH
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Bode Plot for G(s)=(s+a)

O Approximation error.
* The actual magnitude curve is never greater than 3.01 dB from the asymptotes.
- This maximum difference occurs at the break frequency.
e The maximum diffdrence for the phase curve is 5.71",
- which occurs at thie decades above and below the break freg%uency.

. | .
I /// 70 \ /
14 /, - \ / 4\

= 12 ’%
g E‘J 50 / .\ o
g 10 (7 :% / Asymptotic approximation
= / g 40
=" Y/ £
Actulal / 30
6 e
- ) 7T [Actual
4 4
A 10 &

. - 4 Asymptotic approximation //’j'

0 I | 0 | 1] o

0.1 1 ¢ 0.01 0.1 1 10 100

Frequency (rad/s)

Frequency Gradls)
a

a

FIGURE 10.7 Asymptotic and actual normalized and scaled magnitude response of (s + a) FIGURE 10.8 Asymptotic and actual normalized and scaled phase response of (s + a)
10 CJH
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Typical Bode Plot Components



I Bode Plot for single zero and pole

O A zero or a pole provides:

 achange in slope of 20 dB/decade at break frequency,
« achange of +90 ~starting at decade below break frequency and ending at a decade above the break frequency.

< 40 L 1]
S[20FC®=6+a) ma —
p— 0 P
L%D -20 +6 dB/octave = 1|
& 40 KT it
0.01 0.1 1 10 100
Frequency (rad/s)
a
2 oo LTI ] _
S0 45 G ()= (s + ad pieTT
Y M +45°/decade
0 —45
é‘ -90
0.01 0.1 1 10 100
FreLency(rad/s)
a

(c)

40_ 1 T T TTTTInn |||||||| | |||
20 -0 =(s+a) —6 dB/octave = ||
g 0 — —20 dB/decade +
= 20 S 1
N —40 uil
001 & I 10 100
FreLenCy (rad/s)
a
§ 90 | I T TTTTTIT
G —
_ggo 48 (GO =
§_45 1 —45°/decade 1Ty
£ 11
0.01 0.1 1 10 100
FreLency (rad/s)
a

(d)

aiﬁﬂ&k#l

g '\45 ShanghaiTech University

FIGURE 10.9 (Continued)
c. G(s) = (s+a);
d. G(s)=1/(s+a)

EE160 Fall’25 lec5
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I Bode Plot for single zero and pole

O Integrator and differentiator have no break frequency and has only high-frequency asymptote:

FIGURE 10.9 Normalized
and scaled Bode plots for
a. Gls)y = »;

b. G(s) = 1/s;

(figure continues)

=

o0
=

o
[\

Phase (degrees)

40 LI 1
20 - G(s)=s St ]
0 I —
-20 — ] +6 dB/octave =
= OB
0.01 0.1 1 10 100
Frequency (rad/s)
90
45
0
—45 G(s)=s
—90
0.01 0.1 1 10 100

Frequency (rad/s)
(a)

ShanghaiTech Unwersﬁy

40 ] —6 dB/octave =
E 20 -—
o0 ||| —20 dB/decade
S 0r 1 =
= 200 () =5 N
N _40 L1111 Bmes
L[]
0.01 0.1 1 10 100
Frequency (rad/s)
S 90 b 1
5 45 [CO=5
s 0
) —45
g =90
Ay
0.01 0.1 1 10 100

Frequency (rad/s)

)

EE160 Fall’25 lec5
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I Bode Plot for single zero and pole

PROBLEM: Draw the Bode plots for the system shown in Figure 10.10, where

G(s)=K(s+3)/[s(s+ 1)(s+ 2)].
(5) ( )/ s i ) 40 —20 dB/dec (—6 dB/oct) ]
20 —‘:“_\ - —40 dB/dec (—12 dB/oct)
D | ||
- 2“< 7 —6i dB/dec (~18 dB/ocy
e — 40 dB/dec (-12dB/oct
R(s) + E(s) G(s) C(S)= éo 20 Swy ec ( oct)
%i) ) ol
0 \\
—60 —~]
FIGURE 10.10 Closed-loop TR
unity feedback system _800.1 1 10 100
Frequency (rad/s)
0 45°/de
| ec
~ K e + 1 f;j\ —45°/deC \/ \\____- \\
2 3 5 180 v =
G(S) = & -90°/dec
A =, —225 V
S(S =+ 1) =t g 45°/dec
2 s 270
(=W
-315
-360
0.1 1 10 100

Frequency (rad/s)

EE160 Fall’25 lec5 14 CJH



Bode Diagram
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I Bode Plot for single zero and pole

=30

-0+

PROBLEM: Draw the Bode log-magnitude and phase plots for the system
shown in Figure 10.10, where

-50

60

(s +20)
s+ D(s+7)(s+50)

70+

Gis) =

Magnitude (dB)

-80 |

90 |+

R(S) + > E(s) Gs) C(S)= >> clear all 100}
_[% >» s=tf('s")

5 = -120 '
FIGURE 10.10 Closed-loop
unity feedback system s
Continuous-time transfer function.
Model Properties
Trylt 10.1 5> G = (5+20)/(s+1)/(5+7)/(5+50)
Use MATLAB, the Control System
Toolbox, and the following statements to G =
obtain the Bode plots for the system of % s 3
Skill-Assessment Exercise 102 K
G=zpk([-20],[-1, -7... S*3 + 58 572 + 407 s + 350 =
-50], 1)
bode (G); gridon Continuous-time transfer function.
Model Properties
After the Bode plots appear, click on the >> bode(G)
curve and drag to read the coordinates. >> |
i -2 ‘-1 : 0 : 1 : 2
EE160 Fall’25 lecs 15 ° " v I "
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Bode Plot for Poles of Conjugate Pair
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I Bode Plot for poles of conjugate pair

G(s)=sz+2Ca)ns+a)i=a)ﬁ<s—2+2éji+l)

Q For ) Wy,

n

O The asymptotic approximation line has a slope of 40 dB/decade slot and phase shift of 180 degrees.

120 [T TTTTII

Slope = 12 dB/octave
=40 dB/decade L4111

80

2
n
S
(=]

-
|1

L —1
L—

20 log (M)w
o

At low frequencies, G(s)= . = @’ 20°

— . . — 2
2001 0.1 ) 10 100 At high frequencies, G(s)=s
w/wy,

(a)

180 >

135
90 =

1
//

Slope = 90°/decade

Phase (degrees)
N
9}

-90 FIGURE 10.13 Bode
0.01 0.1 1 10 100 asymptotes for normalized and
w/wy scaled G(s) = 5* + 2{@,s + w?:

®) a. magnitude; b. phase

EE160 Fall’25 lec5 17 CJH



;Lﬁﬂ&k#l

ShanghaiTech University

I Bode Plot for poles of conjugate pair

G(s)=s2+2Ca)ns+a),%=a)i(s—+2éi+1)

a For w? O

O Unlike the first-order frequency response approximation, the difference between the asymptotic
approximation and the actual frequency response can be great for some values of C.

50 180
o 1 I
et i 03 > /&;ﬁj/:f
40 = 1T / —
High-frequency —— | | // 0.3 4— / P / / |
to asymptote 140 05917 // o //
" 0, o3 LI/ A
) T7 74 e
» 120 Wit 77 7
& @ 1.5 4]
5 20 G - 8 \W
§ Low-frequency & 100
& - asymptote ~_ % -
& Oigk/y é:ci Asymptote}— o -1/ /
— | A 60 7 4
. 277/
&5’// 40 /j/////
(=031 N = -
-10
02" | XV 20 /ﬁ?;/ A
1 L —1 —1
= e 0 é%////
0.1 1 i 0.1 1 I
/0, /o,
n

FIGURE 10.14 Normalized and scaled log-magnitude response for (s* + 2{@,s + »?) FIGURE 10.15 Scaled phase response for (s* + 2£a,s + @?)

EE160 Fall’25 lec5 18 CJH
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I Bode Plot for poles of conjugate pair

Q It is also the case for its inverse of G(s):

20 T [ T 0
Low-frequency ¢=0.1 §§\\\ | _—¢=0.1
/ asymptote ) /</ 0 l2 20 \\§b< \\<|/ ———02
10 = N :
H 03 \\\\b\ 1 o3
\\\:IAE\ -60 \\§§>¥ ———10
_ 5 15
T 10 NN 5 80 RS\ —
S g
o0 | <)
2 High-frequency 2 _100
S -20 \\ asymptote 7| & \\"‘ —Asymptote
~
¢=0. N
-30 T
; Q] NS
—40 1.(|) \\\\ \\\\\\
-160 —
15 N \Q\\\\:
~=0 | \>>\2\5~=
o J 0 7] I 10
wlw, wlw,
FIGURE 10.16 Normalized and scaled log-magnitude response for 1/(s> + 2{w,s + ) FIGURE 10.17 Scaled phase response for 1/(s2 + 2¢@,s + @2)

EE160 Fall’25 lec5 19 CJH
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Stability Margin In Terms of Bode Plot
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I Stability Margin in terms of F.R.

O When we are discussing stability, we are implying the stability of the closed loop control system.

O The frequency response of a closed loop transfer function can be derived as follows.

B G(s)
T =156 HG)
N G (jw)
T GG A G

O Note this T (jw) is the complex gain to a sinusoidal input R(jw) and apparently this gain should
not be equal to infinity (as a sufficient condition), that is, the open loop transfer function should
satisfy:

= L(jw)= G (jw) H (jw) # —1=1.,180°

Gain margin, Gy The gain margin 1s the change in open-loop gain, expressed in
decibels (dB), required at 180° of phase shift to make the closed-loop system unstable.

Phase margin, ®,;. The phase margin 1s the change in open-loop phase shift required at
unity gain to make the closed-loop system unstable.

EE160 Fall’25 lec5 21 CJH
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I Stability Margin in terms of E.R. & e I

Gain margin, Gy, The gain margin is the change in open-loop gain, expressed in
decibels (dB), required at 180° of phase shift to make the closed-loop system unstable.

Phase margin, ®);. The phase margin is the change in open-loop phase shift required at
unity gain to make the closed-loop system unstable.

Gain
plot
\ > log w

Gm

0dB

Phase (degrees)
A

180°

FIGURE 10.37 Gain and phase margins on the Bode diagrams

EE160 Fall’25 lec5 22 CJH



Stability Margin in terms of E.R.

ShanghaiTech University

L@ﬂ&k#l

PROBLEM: Use Bode plots to determine the range of K within which the unity feedback
system shown in Figure 10.10 is stable. Let G(s) = K/[(s + 2)(s + 4)(s + 5)].

PROBLEM: If K =200 in the system of Example 10.9, find the gain margin and the
phase margin. 0 I A:ﬁ

AN
SOLUTION: The Bode plot in Figure 10.36 is scaled to a gain of 40. If K = 200 (five 2 i dB/dTC 1 T ININ
times as great), the magnitude plot would be 20 log 5 = 13.98 dB higher. E i -40 dB/dec \\

To find the gain margin, look at the phase plot and find the frequency where the Eo —60 \\
phase is 180°. At this frequency, determine from the magnitude plot how much the gain é 80 N
can be increased before reaching 0 dB. In Figure 10.36, the phase angle is 180° at ~60 dB/dec =111y
approximately 7 rad/s. On the magnitude plot, the gain is —20 + 13.98 = —6.02 dB. Thus, —-100
the gain margin is 6.02 dB. ~120

To find the phase margin, we look on the magnitude plot for the frequency where the —— 0.1 . 15 e
gain is 0 dB. At this frequency, we look on the phase plot to find the difference between ORI )
the phase and 180°. This difference is the phase margin. Again, remembering that the 0 —
magnitude plot of Figure 10.36 is 13.98 dB lower than the actual plot, the 0 dB crossing g / /’77 KL
(—13.98 dB for the normalized plot shown in Figure 10.36) occurs at 5.5 rad/s. At this 2 —45°/dec \\
frequency the phase angle is —165°. Thus, the phase margin is —165° — (—180°) = 15°. e 90 _I90° Lot \\

! -135 <
2 : RN
= —~180 —135°/dec Swy SN _QOO/deCI
e TH X\K —45°/dec
o W
0.01 0.1 1 10 100
Frequency (rad/s)

FIGURE 10.36 Bode log-magnitude and phase diagrams for the system of Example 10.9

EE160 Fall’25 lec5 23 CJH



BHRERT

hanghaiTech University

[72]

I Stability Margin in terms of F.R.

PROBLEM: For the system shown in Figure 10.10, where

Trylt 10.4
G ( ) _ K Use MATLAB, the Control
B = (S e 5)(S o 20)(s I 50) System Toolbox, and the

following statements to
solve Skill-Assessment

do the following: Exercise 10.6(¢) using
a. Draw the Bode log-magnitude and phase plots. Bode plots.
G=zpk(],. . .

b. Find the range of K for stability from your Bode plots. [_5. -20. —50], 10000)

c. Evaluate gain margin, phase margin, zero dB frequency, and 180° frequency from your  bode(G)
Bode plots for K = 10,000. gridon

After the Bode plot appears:

ANSWERS:

1. Right-click in the graph
area.

2. Select Characteristics.

3. Select All Stability
Margins.

4. Let the mouse rest on the
margin points to read the
gain and phase margins.

EE160 Fall’25 lec5 24 CJH
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Compensator Design based off Bode Plot
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O Root locus requires repeated trials to find the desired design point from which
the gain can be obtained.

* For example, in designing gain to meet a percent overshoot requirement, root locus
requires the search of a radial line for the point where the open-loop transfer function
yields an angle of 180° .

» To evaluate the range of gain for stability, root locus requires a search of the jo-axis
for 180° .

O On the other hand, the F.R. method can be extended to multiple cascaded

compensators, and the compensator parameters can be explicitly calculated with
simple scripts.

EE160 Fall’25 lec5 26 CJH
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I Translate F.R. Peak into Damping Ratio (not useful)

O Consider the closed loop frequency response of a second order system:

2
RG) + o E(s) 2 Cls) Cs) _ T(s) = Dy
\ 55 + 2Lw,) ~  R(s) 52+ 2Lw,s + w?
)
M = |T(jo)| = On
2 22 2 22
FIGURE 10.38 Second-order closed-loop \/(wn —o*) +4f w0 A
system
. .o . . . 10 |-
O Differentiating w.r.t. w? yields peak information: 20log M, | o |
A = :
8- 1 _ |
_ _ / 2 m 0
7F Mp \/72 (Up = (l)n 1 — 2C ) :
20/1-¢ | L
6 2 5r [ |
= i |
sk g ol L
X = L
4| | :
-15 L
B[~ I :
2k =20 . I >
. | . | | N FIGURE 10.39 Representa- logdy 1% Drw
1() 10 20 30 40 50 60 70 30 tive log-magnitude plot of Log-frequency (rad/s)
Percent overshoot Eq. (10.51)

EE160 Fall’25 lec5 27 CJH
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I Translate Bandwidth into Time Domain (not useful)

1

O The bandwidth of a two-pole system can be found by finding that frequency for which M = 7= —3dB.
2
w
— . —_ n
M =T(jo)| = — - o - RGs) + o ES) of c)_
\/ (02 —0?) +4 02w A%)— 0+ 20 -
_ 2 ) 5) A
wpw = @,\/ (1 —28°) + 4" — 407 + 2
10 -
20 log Mp ——————————————————————— |
w, =4/T 5T |
|
—~ |
A = 0 |
140 4 . ; > e - —
120 - WBW = (1—2C)+\/4C =4 R2 EE Lo
- T & L
: cﬁ —1Q | |
&80 L
= L
U 15 | L
3 L
40 Lo
20 - 20 p— N
ot 1+ + T T—T—T——— _ FIGURE 1041 Normalized FIGURE 10.39 Representa- 05 Wy OF WEW
0 0.1 02030405060.70809 1 bandwidth vs. damping ratio for  tive log-magnitude plot of Log-frequency (rad/s)
Damping ratio settling time; Eq. (10.51)

EE160 Fall’25 lec5 28 CJH
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I Translate Phase Marin into Damping Ratio (useful)

O We can derive the relation between the phase margin ®,, and the damping ratio ¢ for a standard

second order system: |
90 -

2 4 sor
| \/ 205+ /1 + 44’ 2 0t
@y =90 — tan™ b il
27 S i
2 24t
= tan 1 é’ ; 30 -
\/—2§2+\/1+4(:4 £ 20f
10 -
FIGURE 10.48 Phase margin OO 0!2 0{4 016 018 1!0 1?2 1!4 lf6 1{8 2%0 2{2 2{4 216 2!8 3f0 -
vs. damping ratio Damping ratio
. 0)2
QO Details: _ n
G(s) =
s(s + 2{wy,)

2

. W, . (O]
G(jo)| = = 1 = 90 — tan™ !
|G(jw)| |— @ + 2L 0] Phase F.R £G(jw) 90 — tan >,
A2 4
a)1=wn\/—2§2+\/1+4g4 =—90—tan-1\/ 207+ VAl +1

20

EE160 Fall’25 lec5 29 CJH




I F.R.based Design with Only Gain Adjustment

Transient Response Design via Gain Adjustment

PROBLEM: For the position control system shown in Figure 11.2, find the value of

_W;Lﬁﬂ&k#I

#¢/ ShanghaiTech University

@, =90 — tan‘l\/

—2C% 4 /1 4Lt

preamplifier gain, K, to yield a 9.5% overshoot in the transient response for a step input. % (10.73)
Use only frequency response methods. = tan~ ! 2
\/—252 + /14424
Motor
Desired Power and Shaft Shaft M (dB)
position Preamplifier amplifier load  velocity position A
K | 100 _| 1 . 1 C(s)
| (s + 100) | s+ 36) - 5 o
0 \ i‘ - > Jog w
: } Required
increase in gain
B
FIGURE 11.2 System for Example 11.1 Phase (degrees)
A wd)M
T > log
|
|
SOLUTION: N
q>M { |
'D
—-180 :
605 58,390 i
s) =
\) (S + 36)(S + 100) FIGURE 11.1 Bode plots showing gain adjustment for a desired phase margin
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I F.R.based Design with Only Gain Adjustment

ShanghaiTech University

L@ﬂ&k#l

_18 ‘\/.N\‘ TABLE 11.1 Characteristic of gain-compensated system of Example 11.1
20 \\\‘ Parameter Proposed specification Actual value
= = ™~
= 30 ~——1—Magnitude after gain adjustment N | K, — | 16.22
& —40 e Phase margin 59.2° 59.2°
8 -50 Sl \\\ |Phase-margin frequency — | 14.8 rad/s
e 5 L N Percent overshoot 9.5 10
-70 Magnitude before gain adjustment )
P [ || ]] | [ | || Peak time — 0.18 second
0.1 10 100
F d .
requency (rad’s) - Note phase margin and percent overshoot are due to
80 damping ratio requirement.
~100 — - Other potential requirement would include:
7 0 \\\ - steady state error constant K,,
2 140 BN - Need lag compensation
2 -160 - - - i
2 and cut-off frequency (phase-margin
£ -180 y frequency) w,
200 - Need gain adjustment and in this case the
-220 . .
0.1 10 100 phase margin requirement can not be met,
i ey (et which implies the need of lead
FIGURE 11.3 Bode magnitude and phase plots for Example 11.1 compensation.
31 CIH
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I F.R. of Lead Compensator

O Frequency response of lead compensator can add phase margin to the original system and at the
same time the cut-off frequency w, is increased.

M (dB) 20

TTTT ]
A Compensator }2 p=0.1 =
Cor;l;);gls;lted 14 /// e EZ
0 = C. y > log @ i }(2) /r//' =03
{ :\ = AT 8=04
[ Uncompensated A 6 A A1 p=05
I et
R system 6 ==
[ Compensator 2
Phase (degrees) : : 0
N b 0.1 1 10 100
g : : > logw oT
[
L 60 .
[ p= 1 —
| 50 = ~
' Compensated 8 40 ,/ N
Df-—————=2 system B, /// B — 03N \
U —8 A e — \
B e o) ncompensated T 30 A =04 N
6 system 2 ////”/—: N N \\
. = 20 A ~N N N
HEP igmass NN
0 — T ——
— 0
270 0.1 1 10 100
T
FIGURE 11.7 Visualizing lead compensation FIGURE 11.8 Frequency response of a lead compensator, G.(s) = [1/8][(s + 1/T)/(s + 1/5T)]
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F.R. of Lag Compensator

O Frequency response of lag compensator:

N BEART

ShanghaiTech University

* It s possible to introduce a lag compensator to decrease cut-off frequency w, so as to exploit the original system’s

phase margin
M (dB)
A

Uncompensated system 20
18 SN
Compensated system 16 \
14
- K
—~ S lge 312
I =]
Lag compensator : : ] So 8
| | ! Q
| | | 6
| L 4
Phase (degrees) i ! ! B N
A Phisise-sisipi doeduenty 0
ase marg;ln reqluencyl > log @ 0.001 0.01 0.1 1 10 100
Lag compensator | i Frequency (rad/s)
' |
Uncompensated system : : i 0
- ! | } ’/’_
Desired phase |-——-——---——"S<------—F - ———-= I i 0 ]
Compensated system ' | _ 1 %
-180 Tt | § _20 Range of frequencies for the design
! & of the phase margin
g w0 /
2 N
2 X
FIGURE 11.4 Visualizing lag compensation & —40 )
FIGURE 11.5 Frequency 0 / ™
response plots of a lag - p \\&
compensator, 0.001 0.01 0.1 1 10 100
G.(s) =(s+0.1)/(s +0.01) Frequency (rad/s)
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I Lag-Lead Compensator Design via F.R.

Lag-Lead Compensation Design

PROBLEM: Given a unity feedback system where G(s) = K/[s(s + 1)(s + 4)], design a
passive lag-lead compensator using Bode diagrams to yield a 13.25% overshoot, a peak

time of 2 seconds, and K, = 12. 84
72
; ‘ : ey : ESS
SOLUTION: We will follow the steps previously mentioned in this section for lag-lead 48 S SEEti Goocipansied
design. 36 ST [ system
24 ~ S
1. The bandwidth required for a 2-seconds peak time is 2.29 rad/s. §0 13 S Y
2. In order to meet the steady-state error requirement, K, = 12, the value of K is 48. S :;21 T = N Lag-lead-compensated ||
3. The Bode plots for the uncompensated system with K = 48 are shown in Figure 11.12. 36 Lag-lead Lag-compensated |- APV
. _ t sys N

We can see that the system is unstable. _4613 Compe?sa <])r | H systerln | N \\
4. The required phase margin to yield a 13.25% overshoot is 55°. - o= Frequencly (ol = =
5. Let us select @ = 1.8 rad/s as the new phase-margin frequency.
6. At this frequency, the uncompensated phase is —176° and would require, if we add a 1(5)8 I[l | |1 . ] lt |

. . . . . ag-1ead compensator = -
—5° contribution from the lag compensator, a 56° contribution from the lead portion of " 1 P P HT] N —
the compensator. g — |
& -0 Uncompensated system
...... ﬁ _100 \ 1] ><\\
% ~150 s \La g-lead-compensated
NOT RECOMMENDED! 0 T e [T TSR
: 250 i T ¥
-300
0.01 0.1 1 10 100

Frequency (rad/s)

FIGURE 11.12 Bode plots for lag-lead compensation in Example 11.4
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I My Personally Recommended Standard Procedure

O Consider a unity negative feedback system with a plant

P(s) =

* Try to design cascade compensator such that the velocity
constant is larger than 20, the corner frequency is at least
30 rad/s, and the phase margin is at least 50 .

1 1 1

5 0.1s+1 0.05s+1°

* Hint: if you find one lead compensator 1s not enough,
consider adding one more.

O The lag compensator for steady state error is designed
after the phase margin requirement has been met.

20 log o K/

20 log(G (jw))) (dB)

\Vzp

w (log scale)

} 20 logloa

) Bl AR

'\45 ShanghaiTech University

close all;clc;clear all;

s = tf('s");

P=1/ (s) / (0.05*%s+1) / (0.1*%s+1);
wc = 30;

K = 10~(-10/20) / abs(evalfr(P, wc*1j))

figu Pei) > The maximum value of the phase
bode (K*P) lead occurs at: 1

wm = WC; W, — VIP = .
alpha = 10; TVa

z1 = sqrt(wm”2/alpha);
pl = alpha * z1;

C = (s/z1+1) / (s/pl+l);
figure();

bode(C)

OL = C*K*P;

figure();

bode (OL)

allmargin(OL)

EE160 Fall’25 lec5
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EE160 Fa

Magnitude (dB)

Phase (deg)

Bode Diagram

20

20 F
OF | Closed loop stable? Yes ]

Response OL
Gain Margin (dB) 15.9 7
Frequency (rad/s) 106

-40 | _
-60 -
-80 _
-100 .
-120 el S b
T . iR | i T ¥ T
-90 _—//_\ 4
[ ]
| Response OL
-136 _ Phase Margin (deg) 71.9 e
Delay Margin (seconds) 0.0418
| Frequency (rad/s) 30
A80 k-—— e Closed loop stable? Yes — | —. ... _/]
-225
-270 e - :
10° 10 10° 10°

10*
Frequency (rad/s)

) Bl AR

'\45 ShanghaiTech University

close all;clc;clear all;

s = tf('s");

P=1/ (s) / (0.05*%s+1) / (0.1*%s+1);
wc = 30;

K = 10~(-10/20) / abs(evalfr(P, wc*1j))

figure(); The maximum value of the phase
bode (K*P) lead occurs at: 1

wm = WC; iy, = \/Z?: .
alpha = 10; TVa

z1 = sqrt(wm~2/alpha);

pl = alpha * z1;

C = (s/z1+1) / (s/pl+l);
figure();

bode(C)

OL = C*K*P;

figure();

bode (OL)

allmargin(OL)

CJH
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Non-minimum Phase System
(for which the stability margins are no longer valid)
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| Nonminimum Phase System due to RHP Zero/Pole

Bode Diagram

O As a motivation, consider a transfer function, and if its
open loop pole or zero is mirrored about the jw-axis,
1.e., it is moved to the right hand s-plane, the new
transfer function shares the same magnitude frequency
response but its phase frequency response would
become more lagging or advancing over frequency
variable w.

%l
10F
ok
10 F
20
80}

Magnitude (dB)

-40 F
.50 -
O An example is provided as script below. Can you check 60 |

its stability and if it is unstable can you make it stable? el

close all; cla; clc 180
s = zpk(@, [], 1);

Popen = 500 * (s+2)/(s+1)/(s"2+30*s+229) 91
Popen = 500 * (s-2)/(s+1)/(s"2+30*s+229)
P = Popen

allmargin(Popen)

h = bodeplot(Popen); ol
h.showCharacteristic(’AllStabilityMargins”’)
step(Popen) e
P = Popen/(1+Popen); step(P) Frequenoy (rad/s)

Response P
Phase Margin (deg) 94.7
or Delay Margin (seconds) 0.0991
Frequency (rad/s) 16.7
Closed loop stable? No

Phase (deg)

EE160 Fall’25 lec5 38 CJH



I Nonminimum Phase System due to Time Delay

O Time delay, often due to the non-
responsive time of an actuator, is a
typical component that makes a
nonminimum phase system:

* Time domain: §(t—T})
* Frequency domain: o—57a
whose Bode plot is not yet learned.

of) B R BRF

: Sf ShanghaiTech University

TABLE 2.2 Laplace transform theorems

>> [n,d] = pade(Td, 2)

Item no. Theorem
1. LI =F(s) = [ f(e)e™dt n =
2 ZLkf(1)] = kF(s) R
3. ZLf1@) +f2(0)] = Fi(s) + Fa(s)
4. Llef(1)] = F(s +a) &= )
5 ZIfe=T)] =eTF(s) . B S

Root L -
oot Locus o

b | _ Roatlows  sE@@Q
0 Root locus fails to visualize time delay. s = zpk(@, [], 1); |0 Pade appro@r?amp]%: |
The script on the right gives: Error L = exp(-s)/(s+1)/(s+2} *[[n,d] = pade(Td, 1
et’sing D)’/’namicSystem/rlocus The rlocus(L) : 0.; : P_RHP pade = P* tf(n,d)
rlocus” command cannot be used for : o . .
continuous-time models with delays. 5 o5 Rlocus(P_RHP_pade)
Use the ”pade N COmmand tO s A portion of the Padé table for the exponential function e’—
approximate delays.” N 0 1 2
. : . o 1 1 L —
O Pade approximation uses Taylor series e_STd — e_aC L 1-2 1-z+32 1-4
1+2 1+ %z 1+ %z
oo 1
- 1 1 1 1-22 1-2z24 122 1-4
—x __ (—x) _ 2 3
e — — 1 _:U—I_ —Xr — =X + LA 21,2 1+2z24 122 14 21z4 L2 1
7’;) n' 2 6 2 1+ 1+2 +1—J—;rz 1i_%zil_12z2 17%:

EE160 Fall’25 lec5
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I Nonminimum Phase System due to Time Delay

-40
120 l l aldd

T oot
<

180
102

O Time delay example and comparison of
the four systems having the same open
loop magnitude frequency response:

- P

* P delay

* P RHP zero
« P RHP pade

Bode Diagram

Am plitude

Amplitude

Step Response

0 5 10 15 20 25
Time (seconds)

Step Response

%% Delay and nonminimum phase system
Td = 1.0; % time delay = 1 sec

P =1tf([1,2], [1,3,1])

P_delay = tf([1,2], [1,3,1], 'InputDelay’, Td)
P_RHP_zero =tf([-1,2], [1,3,1])

[n,d] = pade(Td, 2)

P_RHP_pade = P* tf(n,d)

options = bodeoptions;
options.PhaseWrapping = 'on’;

N EERBEAT

7 45 ShanghaiTech University

subplot(221); bode(P, P_delay, P_RHP_zero, P_RHP_pade, options); grid; h1 =

findobj(gcf,'type’,'line'); set(hl,'linewidth',2);

subplot(222); step(P, P_delay, P_RHP_zero, P_RHP_pade); grid; hl =

findobj(gcf,'type’,'line'); set(hl,'linewidth',2);

% closed loop response
P = P/(1+P)
P_delay = P_delay /(1+P_delay)

P_RHP_zero =P_RHP_zero /(1+P_RHP_zero)
P_RHP_pade = P_RHP_pade /(1+P_RHP_pade)

subplot(223); bode(P, P_delay, P_RHP_zero, P_RHP_pade, options); grid; h1 =

findobj(gcf,'type’,'line'); set(hl,'linewidth',2);

subplot(224); step(P, P_delay, P_RHP_zero, P_RHP_pade); grid; hl

=findobj(gcf,'type’,'line'); set(h1,'linewidth',2);

legend

EE160 Fall’25 lec5
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Practical Minor and Major Loop design
in Frequency Domain



) Bl AR

\45 ShanghaiTech University

I Nested loop control system design in Freq. Domain

O The speed regulation of a servo system is typically equipped with current sensor and an encoder for
reconstructing angular velocity (2 as well as the torque-producing current i.
* We use two series PI regulators to regulate the two feedback signals, but the problem is how to tune four parameters?

. YE | Y| i, (s) 1 e 20) b 02

Q*(s) s+ K, 3 ,’
Cvi(8)=Kp s #ﬁ} Caw(s)=k, s 1 u, (s) N Lg+ i il i, (3) s

Figure 35. The nested loop controller for field oriented control of ac motor. The Park transform is omitted.

' 1
e k, = L, x CLBW

* o S
g toBw T 1
Kpnpp¥a s+K;

‘Q(S) L S8 CLBW+1 . inwA S+ KI
() 14 Kepmgha st P 3482+ Kpleets (s + K
T T Jse ——1 . CLBWS + 52 + Kp—2= (s + K)

CLBW

42 CJH
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Nested loop control system design in Freq. Domain

i R Bode Diagram Bode Diagram
T L_q %5‘ e g 0
k, = Ly x CLBW 8 - g 20
= | = an
CLBW b= €
Kr= 5z 5 T 50
TpptA CLBW = 100 -
Kp-PT2 = §K; 14 0
close all; cla; clc; s = zpk(0, [], 1); g 2 j:ﬁ &
% two tuning buttons . & a0
CLBW = 200; delta = 2; 10" 10! 102 10° 10* 10’ 102 10° 104
% inner loop Frequency (rad/s) Frequency (rad/s)
Lg =5e-3; R=1; kp = CLBW * Lq; ki = R/Lg;
PCL=1/(Lqg * s+R); CCL = kp * (1+ki/s); ) Step Response Pole-Zero Ma » (-] ™ @ O A
Pclosedlnner = CCL * PCL / (1+CCL * PCL) = ' S 0.86 0.78 ._0.64 0.5 0.340.16
% outer loop o g
£ 50
n_pp =4; psi_A=0.1; Js=0.006; K=n_pp* psi_A/Is; o g "~ lo.085 - ,
KP = CLBW / delta / K; KI = CLBW/delta”2; g w 2Q 175 150 125 10Q 75 8 25 4
PVL = K/s; CVL = KP * (1+KI/s); g x
Popen = CVL * PclosedInner * PVL; < 05 e 0.985
. . £ 50
PopenMargin = allmargin(Popen) g o
P = Popen/(1+Popen) . . . . = 0.86 076 0.64 0.80.340.16
P = minreal(P) 0 002 004 006 008 01 0.12 ~-200 -150 -100 -50 0
subplot(221); h = bodeplot(Popen); h.showCharacteristic('AllStat Time (seconds) Real Axis (seconds ™)

subplot(222); bode(P); grid; h1 = findobj(gcf,'type','line'); set(hl,

subplot(223); step(P); grid; h1 = findobj(gcf, type’,'line’); set(hl,’ Figure 36. Nested loop control design with CLBW = 200 rad/s and § = 2. For motor parameters, see code
subplot(224); pzmap(P); grid; h1 = findobj(gcf, 'type','line'); set(h: snippets.
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Nyquist Contour,
Nyquist Plot,
and Nyquist Criterion

(not a necessary tool)



I Conformal Mapping (Angle-Preserving Mapping)

Contour A
s-plane A

Im

F-plane 4

Contour B

>

\-j o

FIGURE 10.21 Mapping contour A through function F(s) to contour B

ShanghaiTech University

D R B A I

R(s) + o) C(s)

H(s) |«

FIGURE 10.20 Closed-loop

control system

Jjw

N
s-plane
/ o

FIGURE 10.24 Contour
enclosing right half-plane to
determine stability
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I Stability Margins in Nyquist Plot

Im

GH-plane

Nyquist
diagram

|
—_
Ql—

A

Unit circle

—

0

.

|

I\
\

|

\

|

|

|

|

-

Gain difference
before instability

Gain margin = G, = 20 log a

Phase difference
before instability

Phase margin=®,,= «a
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FIGURE 10.35 Nyquist
diagram showing gain and
phase margins
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