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Poles and Zeros
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 Pole, zero, and gain defined by Douglas:

Poles and Zeros
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 Pole due to input -> forced response

 Pole due to transfer function -> natural response

 Zero and pole both contribute to the amplitudes of 
the response

 Recall the solution of the state space model:

zero-input response
(natural response)

Zero-state response 
(forced response)
as convolution integral

Poles and Zeros
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Poles and Zeros



Typical Systems
(excited with test signal)
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 Step response of the first order system (with no zero)
• Forced and natural response:

First order system
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 Step response of the second order 
system (with no zero) depends on 
pole locations on the pzmap:
• How about right plane pole?

Second order system
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 Natural frequency 𝜔௡ defines the time scale of the time response plot
• In s-plane, it defines the length of the pole location vector

 Damping ratio 𝜁 defines the shape of the time response plot
• In s-plane, it defines the angle of the pole location vector

Second order system



CJH10EE160 Fall’25 lec3

 Time domain performance metrics are defined in terms of the underdamped response of a second 
order system with 𝜁 ∈ (0,1)

Time domain performance metrics in time domain
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Time domain performance metrics in time domain

Percent overshoot, %OS. The amount that the waveform overshoots the steady-state value 
(or final value) at the peak time, expressed as a percentage of the steady state value.
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 Peak time and settling time are related to :
• damped frequency of oscillation, 𝜔ௗ

• and exponential damping frequency 𝜎ௗ

Time domain performance metrics in s-domain
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 Example responses

Time domain performance metrics in s-domain
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Time domain performance metrics in s-domain



Stability
(in terms of total response due to bounded input)



CJH16EE160 Fall’25 lec3

 A system is stable if every bounded input yields a bounded output.

 A system is unstable if any bounded input yields an unbounded output.

 Marginal stability means that the system is stable for some bounded inputs and unstable for others. 
• Poles of multiplicity greater than 1 on the imaginary axis lead to the sum of responses of the form 𝐴𝑡௡cos (𝜔𝑡 +

ϕ), where 𝑛 = 1,2,3 … where the amplitude approaches infinity as time approaches infinity.

Bounded input bounded output (BIBO) stability

Increase gain from 3 to 7



Stability
(in terms of Routh-Hurwitz Criterion)
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 We can quickly learn the number of poles in the right half s-plane and 𝑗𝜔-
axis by writing down a table of coefficients, called Routh table.

Routh Table
 Not easy to find closed loop poles given open loop poles, e.g.
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 Basic Routh table example

Routh Table
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 Simply stated, the Routh-Hurwitz criterion declares 
that the number of roots of the polynomial that are in 
the right half-plane is equal to the number of sign 
changes in the first column of Routh table

Routh-Hurwitz Criterion

https://routhhurwitz.streamlit.app/
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 If the first element of a row is zero, division by zero would be required to form the next row. To avoid 
this phenomenon, an epsilon, ϵ, is assigned to replace the zero in the first column. The value ϵ is then 
allowed to approach zero from either the positive or the negative side, after which the signs of the 
entries in the first column can be determined.

---known as epsilon method.

Routh Table with Zero Only in the First Column (1)
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 Alternatively, there is a reverse coefficient method that is suited to be numerically implemented.
• It is valid because we only care about the location of the poles (left or right half plane)
• Let 𝑠 = 1/𝑑

Routh Table with Zero Only in the First Column (2)

https://jp.mathworks.com/matlabcentral/fileexchange/72884-routh-hurwitz-stability-criteria-table-generator-all-cases
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 When there is an even polynomial that is a factor of the 
original polynomial, an entire row consists of zeros will 
result in Routh table. We can write down an auxiliary 
polynomial and take derivative w.r.t. 𝑠 to continue with 
the Routh table

---known as auxiliary polynomial method.

Routh Table with Entire Row being Zero
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Routh Table with Entire Row being Zero

https://jp.mathworks.com/matlabcentral/fileexchange/72884-routh-hurwitz-stability-criteria-table-generator-all-cases
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More Examples
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More Examples
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More Examples



Steady State Error
(for stable closed loop system)
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 Final value theorem

Steady state error
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Steady state error in terms of G(s)

 The steady state performance is evaluated in terms of forward path transfer function
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 System type: the number of integrators in the forward path
• Three error constants are defined for each system type.

Steady State Error Specifications
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Steady State Error Specifications

HC1
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 The transfer function from input to error is:

Steady State Error Due to Disturbance
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Steady State Error Due to Disturbance



Stability
(in terms of Root Locus 

for higher order control systems)
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 The zeros of T(s) consist of the zeros of G(s) and the poles of H(s). 

 The poles of T(s) are not immediately known without factoring the denominator, and they are a 
function of K. 
• Since the system’s transient response and stability are dependent upon the poles of T(s), we have no 

knowledge of the system’s performance unless we factor the denominator for specific values of K. 
• We are in need of a analysis tool that gives us a vivid picture of the poles of T(s) as K varies.

 E.g., a system with simple open loop poles and zero:

Control System Problem
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Vector Representation of Complex Numbers

 𝐹 𝑠 = 𝑠 + 𝑎 is a complex number and can be represented by a vector drawn from 
the zero of the function to the point 𝒔 in the complex plane.
• It is a very special vector that can be treated as a number.
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Vector Representation of Complex Numbers
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 Root locus focuses on a simple feedback control system with a proportional gain 𝐾.
• There is variant of root locus method that can deal with problem with more than one parameter.
• The root locus can be used to analyze closed loop system in terms of information about the open 

loop transfer function 𝐾𝐺 𝑠 𝐻 𝑠

Root Locus
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 Example root locus with two poles
• For an undamped time response, the settling 

time is invariant as gain K varies.

Root Locus
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 Consider what would happen if that polynomial were of fifth or tenth order. Without a computer, 
factoring the polynomial would be quite a problem for numerous values of gain.

 We are about to examine the properties of the root locus. From these properties we will be able to 
make a rapid sketch of the root locus for higher-order systems without having to factor the 
denominator of the closed-loop transfer function.
• Motivation: for arbitrary point in complex plane, 𝑠, how do we determine it is a pole of the closed loop 

control system?

Root Locus

Closed loop 
poles

• When 𝐾 = 0, the roots of the characteristic equation are the poles of GH(s).

• When 𝐾 → ∞ , the roots of the characteristic equation are the zeros of GH(s).
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1. The number of branches of the root locus equals the number of 
closed-loop poles. 

2. The root locus is symmetrical about the real axis.

3. On the real axis, the root locus segment exists to the left of an odd 
number of real-axis, finite open-loop poles and/or finite open-loop 
zeros, (valid for K > 0).

4. The root locus begins at the finite and infinite poles of G(s)H(s) and 
ends at the finite and infinite zeros of G(s)H(s).

1. A function can also have infinite poles and zeros. 
2. If the function approaches infinity as s approaches infinity, then the 

function has a pole at infinity. For example, the function 𝐺(𝑠) = 𝑠 has a 
pole at infinity, since G(s) approaches infinity as s approaches infinity.

3. If the function approaches zero as s approaches infinity, then the function 
has a zero at infinity. For example, 𝐺(𝑠) = 1/𝑠 has a zero at infinity, 
since G(s) approaches zero as s approaches infinity.

5. The root locus approaches straight lines as asymptotes as the locus 
approaches infinity. Further, the equation of the asymptotes is given 
by the real-axis intercept, σa and angle, θa. The asymptotes tell us how 
we get to zeros/poles at infinity.

Sketching Rules
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Sketching Rules
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 Real-Axis Breakaway and Break-In Points

Sketching Rules (Refine 1)
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 The jω-Axis Crossings
• To find the jω-axis crossing, we can use the 

Routh-Hurwitz criterion, covered in Chapter 6, 
as follows: Forcing a row of zeros in the Routh 
table will yield the gain; going back one row to 
the even polynomial equation and solving for 
the roots yields the frequency at the imaginary-
axis crossing.

Sketching Rules (Refine 2)
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 Angles of Departure/Arrival

Sketching Rules (Refine 3)
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 Sometimes we need to searching root locus on 
constant damping ratio line, and Routh table is 
no longer helpful in this case

 To find the crossing point of the root locus and 
a constant damping ratio line, select a point, 
e.g., the point at radius 𝑟 = 2 on the 𝜁 = 0.45
line, and add the angles of the zeros and 
subtract the angles of the poles, obtaining:

which suggests we need to reduce the radius and 
select another point, until the angle summation 
gives an angle of 180 degrees, and at that point we 
calculate for the gain by:

Sketching Rules (Refine 4)
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Summary
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Root Locus Sketch
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Root Locus Sketch
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 When the parameter does not appear as the proportional gain, we can still find a way to draw the 
root locus, by isolating the parameter

Generalized Root Locus
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Generalized Root Locus
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Generalized Root Locus (Two Parameters)

Root loci as a function of α and β. (a) Loci as α varies. (b) Loci as β varies for one value of α = α1.

 Consider a characteristic equation with two tuning parameters:
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 Example: Welding head control

• The control specifications

The amplifier gain 𝐾ଵ and the derivative feedback gain 𝐾ଶ

are to be selected

• The control parameter to be designed

Generalized Root Locus (Two Parameters)



CJH55EE160 Fall’25 lec3

 Closed-loop system

• The control specifications

𝑇 𝑠 =
𝐺ଶ(𝑠)

1 + 𝐺ଶ(𝑠)

=  
𝐾ଵ

𝑠ଶ + 𝐾ଵ𝐾ଶ + 2 𝑠

=  
𝐾ଵ

𝑠ଶ + 𝐾ଵ𝐾ଶ + 2 𝑠 + 𝐾ଵ

indicates we need to select a small 𝐾ଶ, a large 𝐾ଵ to achieve a low value of steady-state error.

Generalized Root Locus (Two Parameters)
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 Closed-loop system

• The control specifications

𝜉 =
௄భ௄మାଶ

ଶ ௄భ
≥ 0.707

The settling time specification can be rewritten in terms of the real part of 
the dominant roots as

Generalized Root Locus (Two Parameters)

𝑇 𝑠 =
𝐺ଶ(𝑠)

1 + 𝐺ଶ(𝑠)

=  
𝐾ଵ

𝑠ଶ + 𝐾ଵ𝐾ଶ + 2 𝑠

=  
𝐾ଵ

𝑠ଶ + 𝐾ଵ𝐾ଶ + 2 𝑠 + 𝐾ଵ



The characteristic equation is

with

Generalized Root Locus (Two Parameters)



The characteristic equation is

with

• Roots with

• The real part

Generalized Root Locus (Two Parameters)



Exercise
E1. A unity feedback control system for an automobile suspension tester has the loop transfer function

We desire the dominant roots to have a 𝜁 around 0.5. Using the root locus, to find the proper value of 𝐾.

the dominant roots are
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Sensitivity
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Dominant Pole Concept
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Response of systems with zeros


