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I Linear System

O Linearity is defined in terms of the input u(t) and output y(t)
* Also known as excitation and response.

O If a system satisfies homogeneity and superposition, it is a linear system.

O If a linear system further sanctifies the property of time-invariance, it is then called an LTI system.
 Linearity + Time-invariance = sinusoidal fidelity

* Linear system is a wider concept than linear time-invariant (LTI) system, also including linear time-varying system

Homogeneity Superposition Time Invariance

A"J——‘B”" AJ: |~ it | [ ':j\/v__ﬂm

A} B} : B . : b !
’P‘— J\j’\/“ \4 Y e— o [I . s E J\’v y(t-T)
A+B x e
— ' .

Homogeneity Superposition
h(ox) = a-h(x) hix,) + h{xy) = hix, + x,)

EE160 Fall’25 lec2 3 CJH
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I Linear Operator

O Linear time-invariant operator

LTI Allowable operations:

Multiply or divide the ~ Integrate or Add or subtract
input by a constant  differentiate the input multiple inputs

dx(t
o.-x(t) ?Il-"xﬂ‘) [x{ﬂdf —;—;l X, (t) + x,(t) X, () = x,(t)

O Generally speaking, a system is also an operator (we are not ready to see this yet)

True or False:

The differential equation %y = —ty + u describes a linear system.

EE160 Fall’25 lec2 4 CJH
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I Excitation Functions

TABLE 1.1 Test waveforms used in control systems

. . Input Functi D ipti Sketch U
a Dirac delta function §(t) e o ks = =
Impulse  6(z) 8= oo for0O-— <t <0+ A0 Transient response
= O elsewhere Modeling
0+
Dirac Delta At this x  The area under / s()dt = 1 (1)
Function { the curve is | o
. .  — "
Infinitely tall Infinitesimally thin en, 458 B o l
J/ S(x) = » . Step u(t) u(t) =lfort >0 fin Transient response
O, X¥0O _OOS(X) dx =1 =0fort <0 Steady-state error
(o]
time Has value

Ramp tu(t) tu(t) =tfort >0 i Steady-state error

O Heaviside step function u(t) ~ Oelsewhere

wiy=1 >0

= 1 1 1 adi.cta
— O A < O Parabola EIZu(I) Etzu(t) _ EIZ fort > 0 finy Steady-state error
= O elsewhere

Sinusoid sin wt 03] Transient response
Modeling
Steady-state error

EE160 Fall’25 lec2 6 CJH
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I Laplace Transform

O Laplace transform is an integral transform with a fast decaying kernel function,
* because the most important thing for an integral is to exist

ZIf(t)] = Fs) = Ojof(t)e_srdt Kernel is: K(s,t)=¢e

@L'poﬂer\'HOb[
TABLE 2.1 Laplace transform table {:rﬁ%u{’ ney
Item no. f® F(s)
1. 8(f) 1
= 1
. 0= >0 | T
=0 (£0] &
3 fu(t) 1 Laplace Transform of a Time Function
. 2
s
il PROBLEM: Find the Laplace transform of f(r) = Ae™u(r).
4, "u(t) —
S SOLUTION: Since the time function does not contain an impulse function, we can replace
1 the lower limit of Eq. (2.1) with 0. Hence,
3 e “"u(r)
st+a © 00 0
. @ F(s) =/ f(o)e™" dt =/ Ae™e™ dt =A/ & e gy
: t & 0 0 0
6 sin wru(t) &l % gl A
s = ——19@ =
- s+a =0 s+a (2.3)
i cos wtu(t) 3 il

EE160 Fall’25 lec2  Norman Nise , Control system engineering (7™ Edition) 7 CJH



I Laplace Transform

O Inverse Laplace transform is often done with further help of the following table

m TABLE 2.2 Laplace transform theorems

N BEART
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Item no. Theorem Name
Inverse Laplace Transform " o - o
. N =F(@s) = [ f(t)e™™dt efinition

PROBLEM: Find the inverse Laplace transform of Fy(s) = 1/(s + 3)%. [f( )] (S) fo_ f( )e

2 ZLLkf(1)] = kF(s) Linearity theorem
SOLUTION: For this example we make use of the frequency shift theorem, Item 4 of . .
Table 2.2, and the Laplace transform of f(z) = tu(t), Item 3 of Table 2.1. Ig the inverse 2 Z [f l(t) +f 2(1)] =F (S) +F (S) Linearity theorem
transform of F(s) = 1/s* is tu(?), the inverse transform of F(s + a) = 1/(s + a)” is e ™ tu(t). —at — :
Hence, f, (1) = e~ ¥tu(t). 4. ZLle f(1)] =F(s+a) Frequency shift theorem

3 ZIft=T)] =e*TF(s) Time shift theorem

6. aray) =2 Scaling theorem

a \a
[df . .
7. x - = sF(s) —f(0-) Differentiation theorem
t
[d*f ) , : o
8. &L ¥ = s*F(s) — sf(0—) — f'(0-) Differentiation theorem
9 i3 &'f = §"F(s) — Z g t-lig.) Differentiation theorem
’ | dt" =
10. x [ 4 ' f (T)dr] = Fs) Integration theorem
o s
11. f(0) = lim sF(s) Final value theorem'
12. f(0+) = lim sF(s) Initial value theorem?

Norman Nise , Control system engineering (7™ Edition)

EE160 Fall’25 lec2 8
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I Laplace Transform

O The two tables can be used to derive for more complicated results, e.g.,
TABLE 2.1 Laplace transform table

3 2 Item no. §iG) F(s)
Rl = s+ 2s“+65+7 . o o
2
$“4+ 85+ 5 7. cos wtu(t) ﬁ
2 TABLE 2.2 Laplace transform theorems
F 1 ( S) = 5 + 1 + > Item no. Theorem Name
s+ s+ 5 4. Zle ™ f(1)] =F(s+a) Frequency shift theorem

i) = ()+5(t)+£z9 [S2+23+5]

A(s+a)
(s +a)* + &?

F|Ae Y cos wt] =

CJH

EE160 Fall’25 lec2



I Laplace Transform

O Laplace transform converts a differential equation into algebraic equation for its
differentiation theorem

)Lﬁﬂ&k#l

/ 7 ShanghaiTech University

TABLE 2.2 Laplace transform theorems

Item no. Theorem Name
[df . o
7. 4 & = sF(s) — f(0-) Differentiation theorem
| ar
[d*f 5 , . .
8 4 ) = 5?F(s) — sf(0=) = f'(0-) Differentiation theorem
9 @ ﬂ = §"F(s) — i - hpE-lig=) Differentiation theorem
: _dtn

k=1

Laplace Transform Solution of a Differential Equation

PROBLEM: Given the following differential equation, solve for y(7) if all initial conditions
are zero. Use the Laplace transform.

d*y _dy
—5+ 127432y = 32u() (2.14)

EE160 Fall’25 lec2 10 CJH



I Laplace Transform

PROBLEM: Find the Laplace transform of f(¢) = te™'. PROBLEM: Find the inverse Laplace transform of F(s) = 10/[s(s + 2)(s + 3)*].

TABLE 2.2 Laplace transform theorems

Item no. Theorem Name
1. ZIf0)]=F(s) = J;° f()e™dt Definition
2 ZLIkf(1)] = kF(s) Linearity theorem
TABLE 2.1 Laplace transform table 3 LLf1@) + ()] = Fi(s) + Fa(s) Linearity theorem
Item no. §i0) F(s) 4, e f(1)] =F(s+a) Frequency shift theorem
1. 5(1) 1 5 ZIfe-T)] = T‘STF (s) Time shift theorem
= 1 6. Zf(at —-r(2 Scaling theorem
g, u(t) ") (1) > g . o) ()
-~ L 1 7 4 ﬂ] = sF(s) —f(0-) Differentiation theorem
3. u(f) 5 dt
r 2

n! 8 % Ccl;_t{] = s?F(s) — sf(0=) — f'(0-) Differentiation theorem
4, "u(t) s -

1 9. 4 Ccl;t{ ] = §"F(s) — Z Sk fk—l (0-) Differentiation theorem
&, e “"u(r) L k=1

s+a F ( )

) 10. P [ i (; f(r)dr] ALY/ Integration theorem

6. sin wru(t) B - s
¢ P “ 11. f(c0) = lin%) sF(s) Final value theorem'

il cos wtu(r) 2 gl 12. F(0+) = lim sF(s) Initial value theorem?

EE160 Fall’25 lec2 11 CJH
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I Transfer Function

O General case of a high order differential equation:

d'er), d"c(t)
=g T 1T g

O Convert it into s-domain:

+ -+« +apc(t) = by,

g #¢/ ShanghaiTech University

a,s"C(s) + a,_18" 1 C(s) + - -+ + aopC(s) + initial condition

= bpS"R(s) + b1 " 'R(s) + -+

O Assume zero initial conditions we get transfer function

C(s)

R(s)

G(s) =

(bS™ + b1 8™+ -+ - + by)

(aps™ + ap_15" 1+ -+ +agp)

Norman Nise , Control system engineering (7™ Edition)

iLﬁﬂ&k#l

d"r(t) d™ L rz)
W'f‘bm_lw-F +b0]’(f)
(2.50)
terms involving c(t)
+ boR(s) + initial condition
terms involving r(¢)
R(s) | s+ by 5™ L4+ o+ by) C(s) _

(ans" + 18"+ - + ag)

FIGURE 2.2 Block diagram of a transfer
function

EE160 Fall’25 lec2

13

CJH



. 0 %S £ s
I Transfer Function ﬂ?fﬁhﬂﬁ*fl

PROBLEM: Find the transfer function, G(s)= C(s)/R(s), corresponding to the differential

dc _dc _d d’r d
equation —+3—+7 C+SC——+4 r+3r

PROBLEM: Find the differential equation corresponding to the transfer function,

2s + 1
52 4+ 65 +2

PROBLEM: Find the ramp response for a system whose transfer function is

G(s) =

(s +4)s+8)

EE160 Fall’25 lec2 14

G(s) =

CJH



i) R AY

W fE
oot 7¢/ ShanghaiTech University
U

System Examples



'\45 ShanghaiTech University

aL@ﬂ&k#l

r(1) .
Current (T) R L =l
FIGURE 2.3 source —

RLC circuit.

v(t) du(t) 1
——= 4 C 1) dt = vl
g tC g +jvid=rl

v(t) = Kpe " cos(Gat + 62) /\
m\\‘/‘-\_““_ > Time

FIGURE 2.4
Typical voltage

response for
an RLC circuit. «— 27/B; —»

EE160 Fall’25 lec2 16 CJH
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I Spring mass damper S ko e I
by(t)  ky(?)
Wall

friction, b 1 T ——
\ N Iy(t)

VAV

=
feb)
&
P —
=
=
<

FIGURE 2.2
(@) Spring-mass-
damper system. Force r(t)
(b) Free-body

diagram. (a) (b)

S+ =
G

M 4y (1) -+ bdy—(t) + ky(t) = r(t) y(t) = Kie= " sin(Bit + 6)

EE160 Fall’25 lec2 17 CJH



Eletro-mechanical system

O Newtonian mechanics

O Faraday’s law of induction
. . . . . . . eq(t) Armature) , (p)
* With a little bit of math of total differential and derivative laws [ L circuit ) e

O Ampere force

d2

e

’U;1:R’51+KE%@+L1

el. connections

winding

d .
@:DE@—'_KTZI

4,
de '

iron core flange

N BEART

ShanghaiTech University

Fixed

field

E(s) 0,,(s)

— > G(s) ——>

Om(®)

(@) )
FIGURE 2.35 DC motor: a. schematic;'? b. block diagram
Armature

Stator
winding

\ Ry io(1) pY
" Brush
- Commutator
(1),
Vi Ly Inertia =J Bearings
Friction=1»5
FIGURE 2.18 i (1)
A DC motor Field
(a) electrical Load
P commutator :):):tl:;nj;ﬂ magnet ?:,:Zi:gretum) diagram and
brush system g (b) sketch. (a) (b)
18 CJH

EE160 Fall’25 lec2
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I Overview of the Math Models

) Bl AR

g \45 ShanghaiTech University

el. connections winding iron core flange

A O.D.E (from physics laws)
. d? d ,
O Block diagram J O =D 4O Kria
A Transfer function (via Laplace transform
O State space model A el ==y e IR
O Pole zero map (related to eigenvalues)
* Root locus and pole placement U, (8) O(s)
Jw Can you give details
> G(s) - within G (s)?
VAR, i d © 0 1 0 © 0 0
7 T Q=0 0 Ky J | Q[+ 0 |ut|J |7,
- i 0 —Ky,L' -RL'|| i L™ 0
Eigenvalues - :
(when input is set to 0)
EE160 Fall’25 lec2 21 CJH



I Exercise for modeling of an e.

m. system
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Fixed
field
Transfer Function—DC Motor and Load R,
PROBLEM: Given the system and torque-speed curve of Figure 2.39(a) and (b), find the Ny =100
transfer function, 0, (s)/E.(s). 9,(1)
| Na=1000 ;
SOLUTION: Begin by finding the mechanical constants, J,, and D,,, in Eq. (2.153). From Jy= Sk ’ 50 "
Eq. (2.155), the total inertia at the armature of the motor is Da=2N-m slrad Speed (radis)
D; =800 N-m s/rad
(@) ®)
2 2
Ny 1 E,(s) 0.0417 0L, ()
Jm :Ja +JL<N_2) :5+700<ﬁ =12 (2164) > s(s + 1.667) >
(©
and the total damping at the armature of the motor is FIGURE 2.39 a. DC motor and load; b. torque-speed curve; ¢. block diagram
N, 2 1\?2 Generalizing the results, we can make the following statement: Rotational mechanical
D, =D, + Dy N_ =2+3800 E =10 (2.1 65) impedances can be reflected through gear trains by multiplying the mechanical impedance
2 .
by the ratio
Ny
O(t) Ty(1)
. nm 60 p 1 i y Number of teeth of 2
Viscous damper < < # gear on destination shaft
i 2 Number of teeth of
=il X (I ) Input gear on source shaft
drive gear,
|‘ f( f) Gear 1 .Olltpllt . . : 3
. driven gear, where the impedance to be reflected is attached to the source shaft and is being reflected to
- Gear 2 the destination shaft. The next example demonstrates the application of the concept of
fp reflected impedances as we find the transfer function of a rotational mechanical system with
FIGURE 2.27 A gear system gears.
EE160 Fall’25lec2  Norman Nise , Control system engineering (7" Edition) 22 CIH
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I State space model

O The simultaneous first-order differential equations about the state variables

 State variables must be linearly independent; that is, no state variable can be written as a linear
combination of the other state variables.

) £ 8 BeR s

ShanghaiTech University

X = state vector

x = derivative of the state vector with respect to time

0 Algebraic output equation % = Ax + Bu

Yy = output vector
u = input or control vector

A = system matrix

y = CX + Du B = input matrix

C = output matrix

0 E,g,,: D = feedforward matrix V“C
o] [0 1 0 el [o 0 .
d B . ' I tate space
o Q=0 0 K,J Q|+ 0 |lut|J |72 N
1 0 —-KzL* -RL ‘||« L 0 I m—— U
©
_ 1 0 1 Q o State vector, x(7)
Y [ ] Z : State vector trajectory
o State vector, x(4)

O State space: The n-dimensional space whose axes are the state variables. -

FIGURE 3.3 Graphic representation of state
space and a state vector

EE160 Fall’25 lec2 24 CJH



State space model
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PROBLEM: Find the state-space representation of the electrical network shown ir PROBLEM: Represent the translational mechanical system shown in Figure 3.9 in state

Figure 3.8. The output is v,(f).

space, where x3(¢) is the output.

+>x1(t)
1 N/m 1 N-s/m

1 k
|/ g
AN /\/\/\/ fiy—]

+>x2(f)
1 N/m

—

+

: + Cy =< Vo(®
v () L % T FIGURE 3.8 Electric circuit
for Skill-Assessment
Exercise 3.1

ANSWER:

ANSWER:

1 kg

—|—>x3(l‘)
1 N-s/m

70000

1kg

mil=

FIGURE 3.9 Translational mechanical system for Skill-Assessment Exercise 3.2

EE160 Fall’25 lec2 25
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I From O.D.E to State space model

At first we select a set of state variables, called phase variables, where each

. . e— . " d
subsequent state variable is defined to be the derivative of the previous state variable. X = X = d_)t}
d
Xy = —y dz)’
dt 2=
—]
d"y d""y dy &
y 3
+ + «- +a;—+ agy = bou X3 =—= F .
B dn—ly . dny
" dt}"l—l Xn = dtn
A1 = X2 (1] [O 1 0 O 0 0 -+ 0 J[x] [O]
i = x3 ) o 0 1 0 0 0 - 0 X 0
: X 0 0 0 1 0 o .- 0 X3 0
. = A e B
B ) =X ' ' ' '
=l T %3 0O 0 0 0 0 0 - 1 ||x, 0
-).Cn = —apX] —aiXp - — dy_1X; + b()u e |—ay —ap —a; —asz —a4 —as - —Ap1 | | X, | _bo_
[ (3.52)
X2
X3
y=[1 00 0]| .
Xn—1
L Xn
26 CIH

EE160 Fall’25 lec2



I From transfer function to state space model (1)

Converting a Transfer Function with a Constant Term in

the Numerator

C(s) 24
R(s) (53 +9s2 4+ 265 + 24)

(s> + 9s% + 265 + 24)C(s) = 24R(s)

¢ +9c + 26c¢ + 24c = 24r

X1 0 1 0] [ x
X | = 0 0O 1| [x]| +
X3 24 =26 -9 | x3 24
X1
Y= [1 0 0} X2
A3

r(t)

24

R(s)

_

24

$34 952+ 265 + 24

(a)

,,,,,,

YR

¢/ ShanghaiTech University

;ﬁiiﬁﬂ&kﬁl

4\'1(” y(1)

26

®)

24

FIGURE 3.10 a. Transfer function; b. equivalent block diagram showing?phase Variablei

Note: y(t) = c(t).

EE160 Fall’25 lec2
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I From transfer function to state space model (2)

Converting a Transfer Function with a Polynomial in

the Numerator

#¢/ ShanghaiTech University

Lﬁﬂ&k#l

R(s) 247542 C(s)
3+ 952+ 265+ 24
(@)
R(s) 1 X (s) : C(s)
E— > s+ Ts+ 2 I
s+ 952+ 265+ 24
Internal variables:
Xo(s), X3(s)

®)

. + §§ (1)

+
(1) X5(1) x,(0)
— 1 j - f : g
26 =
FIGURE 3.12 a. Transfer
function; b. decomposed 24
transfer function; ¢. equivalent
block diagram Note: y(¢) = c(). (©
CJH

EE160 Fall’25 lec2
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I From transfer function to state space model (2)

PROBLEM: Find the state equations and output equation for the phase-variable repre-
25+ 1

sentation of the transfer function G(s) =

sS24+T7s+9

ANSWER:

EE160 Fall’25 lec2 29 CJH
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I State space model to transfer funtion (ss2tf)

et

X = Ax + Bu sX(s) = AX(s) + BU(s)
» Y(s) = CX(s) + DU(s)

$

(sT — A)X(s) = BU(s)

' T(s)=@:C(s1—A)-IB+D

X(s) = (sI - A)"'BU(s) U(s)

' f Single input single output

Y(s) = C(sI — A)"'BU(s) + DU(s) = [C(sI — A)™'B + D] U(s)

Transfer function matrix

y = Cx+ Du

EE160 Fall’25 lec2 30 CJH
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State space model to transfer funtion (ss2tf)

PROBLEM: Given the system defined by Eq. (3.74), find the transfer function,
T(s) = Y(s)/U(s), where U(s) is the input and Y(s) is the output.

0 1 0 10
x=( 0 O 1(x+ |0 |u (3.74a)
-1 -2 -3 0
y=[1 0 0]x (3.74b)
Y(s _
T(s)=£=C(sI—A) 'B+D
U(s)

(s*+3s+2) s+3 1

-1 s(s+3 s
Ez i) g s 0 0 0 1 0 s -1 0

1 — —S —(Z4s + S
(sI—A)_lzszt(Si i)= T3 T T I-A)=10 s Of-f O O 1|=(0 s -1

ct(sT - A) ST AT 00 s A 2 =3 1 2 =43
_+ Q2 Q23|  (G21 Q23 + azn  an|] ’ -Jr G2 Q2| (G122 Q13 + a2 a3 |]
asz2 ass asy ass azy  asz agz  as3 agz ass azz Q23
a;i; a2 a3 2
. di(A) = | |02 o1 ann @3] |an G _ | _|en a2 el ai3| |en a3 10(s* +3s + 2
A - az21 az2 az3 * J( ) azy ass " agy asg azy  as2 asy ass - asy ass az1 @23 T(S) — 3 ( 3 )
asy asg 033 §° + 35+ 25+ 1
+ aiz ais | a13 1 a;il a2 + az1 Qa2 e a1 + ail  a12
L [G22 Q23 az1 Q23 az1  G22 | | L 1431 asz azy  az2 az1 Q22| |

https://en.wikipedia.org/wiki/Adjugate matrix#:~:text=In%?20linear%20algebra%2C%?20the%20adjugate,matrix%20is%20the%20conjugate%20transpose.
EE160 Fall’25 lec2 31 CIH
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I State space model to transfer funtion (ss2tf)

PROBLEM: Convert the state and output equations shown in Eq. (3.78) to a transfer

TryIt 3.2 function.
Use the following MATLAB
and the Control System . -4 -1.5 2
Toolbox statements to obtain X= { 4 0 X+ 0 u(t) (3'783)

the transfer function shown in

Skill-Assessment Exercise 3.4 y = [ 1.5 0.625 }X (3.78b)
from the state-space

representation of Eq. (3.78).

A=[ =4 =il 5 4l Ok ANSWER:
BH20];

CH1.5 0.625];
D=0;

T=ss(A, B, C, D);
T=tf(T)

EE160 Fall’25 lec2 32 CJH



I State space model is not unique

#¢/ ShanghaiTech University

Lﬁﬂ&k#l

X = Ax + Bu z="P'x z=P APz + P 'Bu

=1L — y = CPz +Du

PROBLEM: Given the system represented in state space by Egs. (5.73),

0 1 0 0

x=| 0 0 1|[x+]|0]|u (5.73a)
-2 -5 -7 1

y=[1 0 O]x (3.73b)

transform the system to a new set of state variables, z, where the new state variables are -

. . ) 0 1 0 0.5 0 0
related to the original state variables, x, as follows:

2 00
P'AP= |3 2 0 0 0 1||-075 05 0
2 00 1 4 5]|-2 =5 -7 05 -04 02
z=1(3 2 0|x=P!x 2 =3x+2x% (5.74b) —15 1 0

1 4 5 =|-125 07 04
|25 04 -62

1 = 2X1 (57421)

73 = X1 +4x + 5x3 (5.74¢)

EE160 Fall’25 lec2 33 CJH



I Diagonal state space representation

Eigenvector. The eigenvectors of the matrix A are all vectors, x; # 0, which under the

transformation A become multiples of themselves; that is,

AXi = /L'Xi

where A;’s are constants.

FIGURE 5.32 To be an

(5.80)

=
)

\

eigenvector, the transformation
Ax must be collinear with x;
thus, in (@), X is not an
eigenvector; in (b), it is.

Eigenvalue. The eigenvalues of the matrix A are the values of /; that satisfy

Eq. (5.80) for x; #0.

To find the eigenvectors, we rearrange Eq. (5.80). Eigenvectors, Xx;, satisfy

(@)

X1 -

®)
O Diagonal representation

* Equivalent to partial fraction expansion of t.f.
» Use eigenvectors to form a transform matrix P

P= [Xla X2, X3,..., Xn]

0= (11— A)x; (5.81)

Solving for x; by premultiplying both sides by (41— A)™" yields Axi — i in { |
Ao adj(4I — A) < z=P APz + P Bu
R F TP S c2 - AP =PD
Since x; # 0, a nonzero solution exists if —1 A —
D=P P y = CPz + Du
det(AI-A)=0 (5.83)
Left D is diagonal matrix with eigenvalues, while
from which 4;, the eigenvalues, can be found. right D is the through-input matrix, often D = 0
34 CIH
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I Diagonal state space representation

Diagonalizing a System in State Space

B

zﬁiiﬁﬂ&k$I

¢/ ShanghaiTech University

P_IAP—[I/z 1/2] l—3 1]{1 11_[— ]
PROBLEM: Given the system of Egs. (5.94), find the diagonal system that is similar. /2 -1/2] 1 =3][1 -1 0 -4

. 12 121]1 3/2

S ae(37 -

le ]X+[ ]u (5.94a) 1/2 -1/2](2 -1/2

1 -3 2
1 1
=[2 3]x (5.94b) CP= |2 fﬂll _1]=[5 ~-1]

y=[5 -1]z
10 -3 1 Axy=4x)
det(/I — A) = = 3 11fed T
S B N R TN L R
43 -1 L =3]lel el ‘
T 21 243 [—3 AEAINE X=[_c]
=12 4+6]+8 1 =3][x | X, | ‘

3/2] | z=P'APz+ P 'Bu

y = CPz + Du
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I Diagonal state space representation

PROBLEM: For the system represented in state space as follows: PROBLEM: For the original system find the diagonal system that is similar.
) 1 3 1

X = X+ u
-4 -6 3
[—2 0] [18.39]
z+ u
0 -3 20

yz[l 4}X Z
[—2.121 2.6]z

ANSWER:

convert the system to one where the new state vector, z, is

3 -3
7= X
1 —4

65 -85 -3
Z= 7+ u
9.5 —11.5 ~11

y= [0.8 —1.4} Z

Yy

ANSWER:

EE160 Fall’25 lec2 36 CJH



I Solution of the State Equations ) e, I

x = AX + Bu

$

sX(s) — x(0) = AX(s) + BU(s)

J

X(s) = (sT — A)"'x(0) + (sI — A)"'BU(s)

_adj(sT—A)
~ det(sI — A)

[x(0) + BU(s)]

Y(s) = CX(s) + DU(s)

adj(sT — A)
det(sI — A)

FUGCI-A)Y ' = 2! [ } = (1)

EE160 Fall’25 lec2 37 CJH



I Solution of the State Equations ) et s I

x = Ax + Bu ~x(0) N b

sX(s) — x(0) = AX(s) + BU(s) x(t) = e"x(0) + /O€+”(”)bu(7)d’f-
‘ x(¢) = eA'x(0) + / t AIBu(r)dr

0

X(s) = (s — A)~'x(0) + (sI - A)"'BU ,
() = (1= 4)7x(0) + (sT = A) " BU(s) — ®d(1)x(0) + / ®(t — 7)Bu(z)dr
_adj(sT—A) p 0 N\
= GGl A) [x(0) + BU(s)] — <
zero-input response Zero-state response as
Y(s) = CX(s) + DU(s) convolution integral
The matrix exponential function is defined by in a similar Taylor series form
. 242 k +k
= _ =17 _ cp-1 adJ(SI_A) _ Ar _ At :I+A[+A_t+...+A_t_|_...
ZolI=A)] =2 [det(sl —a)| =20 e = exp() 2! I ’
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Block Diagram



Block diagram

N BEART

ShanghaiTech University

R(s) C(s) R(s) G(s) C(s)
. Input Output
O Basic components: Stgmals P—
(@) (€]
C(s) = R1(s) + Ra(s) — R3(s) R(s)
R(s) R(s)
R3(s) R)
R3(s), L .. oy S
R(s) R(s)
Rs(s) R(s)
FIGURE 5.2 Components of
Summing junction Pickoff point a block diagram for a linear,
(c) (d) time-invariant system
. X,(s) = R(:
O Cascade and parallel: | 6y | 1O =ROG)
*y
X =R(s)G i Cs)=[xG +G *+G R
R(s) | G,5) 2(8) = R(5)Go(s) 7@ (5) =[£G 1(s) = Go(s) £ G3(s)] (S)V
+1
2 — e = X;3(s) = R(5)G3(s)
G2()G DR m(;d(v)ozu)c.u)/\'(v) > G’;(S) 3 3
R(s < (s) (a)
FIGURE 5.3 a. Cascaded G3(5)G2(5)G (s
subsystems: b. equivalent
transfer function W) oy —
c;lz((l-));nv)k( <D [ﬁ'(:“(v)oz(\)c.(v)l\'(«) R(S‘) C(A)
P, L £G1(5) £ Gals) £ Ga(s) FIGURE 5.5 a. Parallel
R § [ subsystems; b. equivalent
FIGURE 5.3 a. Cascaded G3(5)G2(5)G (s -
subsystems; b. equivalent — (b) transfer function
40 CJH

EE160 Fall’25 lec2



N BEART

ShanghaiTech University

I Block diagram reduction

Input
transducer Controller Plant
O Feedback
R(s) + E(s) C(s)
—1 Gy(s) - Gy(s) > Gs3() >
Input Actuating Output
signal
G ( S) _ G(S) (error)
e —
1 +G(s)H(s) Hys) | Hys) |=
Feedback Output
transducer
(@)
Plant and
controller
R + E Ci
0 O S ()_
Actuating Output
signal
(error)
H(s) =
Feedback
®)
FIGURE 5.6 a. Feedback R(s) G(s) C(s)
. : — | ——
control system; b. simplified Input 1 £ G(s)H(s) | Output
model; ¢. equivalent transfer
function (c)
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Block diagram reduction

O Moving blocks

> G(s)

R(s)

R(s)G(s)

R(s)

R(s)

R(s)

R(5)G(s)
b

R(5)G(s)

R(s)

H
l

(@)

G(s)

R(5)G(s)

1 R(s)

G(s) e [

I

R(s)G(s)

G(s) ——>
R(s) ’—» R(s5)G(s)
G(s)

R(5)G(s)

®)

L R(5)G(s)
G(s) ———>

FIGURE 5.8 Block diagram
algebra for pickoff points—
equivalent forms for moving a
block a. to the left past a pickoff
point; b. to the right past a
pickoff point

N BEART

ShanghaiTech University

R(;s _ R
(s) + G6s) C(s) — (s) G6s) + ® C(s)
¥ ¥
X(s) )
s
X(s)
(@)
R(s) 66s) + C(s) = R(s) + GGs) C(s)
¥ ¥
X(S) L
G(s)
X(s)
®)

FIGURE 5.7 Block diagram
algebra for summing
junctions—equivalent forms for
moving a block a. to the left past
a summing junction; b. to the
right past a summing junction

EE160 Fall’25 lec2
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I Block diagram reduction

FIGURE 5.9 Block diagram
for Example 5.1

PROBLEM: Reduce the block diagram shown in Figure 5.9 to a single transfer function.

R(s)

Gl (Y)

Aoy E N AT

g \45 ShanghaiTech University

Gs(s)

G(s)

C(s)

H;(s)

H)(s)

A

Hj(s)

A

|

\

EE160 Fall’25 lec2
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I Block diagram reduction

=57/ ShanghaiTech University

L@ﬂ&k#l

ANSWER: D) )6y o Gty [ 2
Hy(s) =
Hy(s) =
H3(5) |
(a)
R(s) Gy L Ga()Gol5) C(s)
FIGURE 5.10 Steps in
H{(s) — Hy(s) + Hj(s) solving Example 5.1:
a. Collapse summing junctions;
(b) b. form equivalent cascaded
system in the forward path and
R(s) G(5)G(8)G4(5) Cs) equivalent parallel system in the
— — feedback path; c. form
1 + G3($)GA)H () ~ Hyls) + Hy(s)] equivalent feedback system and
(c) multiply by cascaded G,(s)
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I Block diagram reduction

Block Diagram Reduction by Moving Blocks

PROBLEM: Reduce the system shown in Figure 5.11 to a single transfer function.

+
LOBT o NZON W L/ OF: Gy | O£ évsm - )
@ Ha(s)

Hy(s) | FIGURE 5.11 Block
diagram for Example 5.2

Hy(s)

A

A

Vi(s)

of) B R BRF

/ ) ShanghaiTech University
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I Block diagram reduction

Gals)
+
R(s
(s) + Vi(s) G(s) Vo(s) + V3(s) o G,(5) V() + - ((;;3((;;1 _ ()
ANSWER: 2 ( o
V(s
7(s) Hy)
Vﬁ(.?) H](S)
(@)
R(s) + Vi(s) + Vi(s) 1 Gr® e
- 1 PR Lo S
\ . G(8)Gy(s) Gg(s)+ . EXEAT | <8
Hys) |,
G(s)
Hy(s) =
(b)
R(s v 1 . 5
B Bt | (_+ 1)(_0L) | )
= G(s) 1+ GA(s)Hz(s)
Hs) | HyG5)
G](.S‘)
()
R(s) G1(5)G,(s) Vy(s) | 1 [ Gys) ) Cs)
1+ Go(s)Hz(8) + G1(5)Ga(s)H (s) (GQ(S) )\1 + Gy HA)
(@)
- Re) G1($)G3($)[1+ Gy(s)] Cls)
FIGURE 5.12 Steps in the [L + Gy()H(s) + G1(5)Ga()H ()][1 + G3()H5(s)]
block diagram reduction for
Example 5.2 ©
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Block diagram reduction

PROBLEM: Find the equivalent transfer function, T(s) = C(s)/R(s), for the system

shown in Figure 5.13.

Trylt 5.1

Use the following MATLAB
and Control System Toolbox
statements to find the closed-
loop transfer function of the

[72)

BHRERT

hanghaiTech University

R(s) + + ) C(s) : '
—>® 5 > system in Example 5.2 if all
—A + Gi(s)=1/(s+ 1) and all
Hi(S) = I/S
1 Gl=tf(1,[11]);
K G2=G1; G3=GI;
H1=tf(1,[10]);
H2=H1; H3=H1;
- System=append. . .
(G1, G2, G3, H1, H2, H3);
input=1; output=3;
FIGURE 5.13 Block diagram for Skill-Assessment Exercise 5.1 =[1 -4 0 O0 O
2 1 -5 0 O
3 2 1 -5 -6
ANSWER: 4 2 0 0 O
58 2N 0RO ()
6 3 0 0 O]
T=connect(System, . . .
Q, i nput, output);
T=tf (T); T=mi nreal (T)
47 CIH
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Solution of Differential Equations

Conclusion: The solution of the state differential equation
x(f) = Ax(1) + Bu(1)

is found to be

I

x(t) = exp(ANx(0) + / exp[A(t — 7)]|Bu(7)dr.
Proof: ’
» Uniqueness of Solutions
If we have two solutions z1,z2 : R — R™*, then y = 1 — xo satisfies
y(t) = Ay(t) with y(0)=0.

The auxiliary function v(t) = e~ y(t) satisfies

o) = —Ae~Aly(t) + e At Ay(t) = —Ae”Vy(t) + Ae™y(t) =0

4y BB A

2q Mg, $E . ) b
O uﬁ\j ShanghaiTech University




Solution of Differential Equations

Conclusion: The solution of the state differential equation

x(f) = Ax(t) + Bu(r)

is found to be

x(t) = exp(A)x(0) + /0 exp[A(t — 7)|Bu(7)dr.

Proof:

» Verify the ODE

Generalized Leibniz integral rule.

df a(t) (t)

i b(t) ) b(t)
1 / g(t,7)dr = g(t,b(t)) b(t) —g(t.a(t))a(t)+/ ge(t, 7)dT .

t
x(t) = A eAtx(0) + e "DBu(t) + f A eAt=DBy(7)dr
0

=A leAtx(O) + f eA(t"T)Bu(T)dT] + Bu(t)
= on(t) + Bu(t)

9 E 38 BB A

2q Mg, $E . ) h
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Solution of Differential Equations

_ ShanghaiTech University

,Hgtﬁﬂﬁkﬁl
Specially, the solution of an unforced system

(1) = Ax(7)
is found to be

x(1) = exp(Ar)x(0)

The matrix exponential function describes the unforced response of the system

and is called d(t,0).

Thus, the general solution can be written as

ﬂnzqumy+ﬁqm—7muﬂm.

NOTE, up to now, we are talking about LTI system, for nonlinear or time-

varying, there is NO nice general solution form.



