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Linear System
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 Linearity is defined in terms of the input 𝑢(𝑡) and output 𝑦(𝑡)
• Also known as excitation and response.

 If a system satisfies homogeneity and superposition, it is a linear system.

 If a linear system further sanctifies the property of time-invariance, it is then called an LTI system.
• Linearity + Time-invariance = sinusoidal fidelity
• Linear system is a wider concept than linear time-invariant (LTI) system, also including linear time-varying system

Linear System
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Linear Operator

 Linear time-invariant operator 

 Generally speaking, a system is also an operator (we are not ready to see this yet)

True or False:



Laplace Transform



CJH6EE160 Fall’25 lec2

 Dirac delta function 𝛿(𝑡)

 Heaviside step function 𝑢(𝑡)

Excitation Functions
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Laplace Transform

 Laplace transform is an integral transform with a fast decaying kernel function,
• because the most important thing for an integral is to exist

Norman Nise , Control system engineering (7th Edition)
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Laplace Transform

Norman Nise , Control system engineering (7th Edition)

 Inverse Laplace transform is often done with further help of the following table



CJH9EE160 Fall’25 lec2

 The two tables can be used to derive for more complicated results, e.g., 

Laplace Transform
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 Laplace transform converts a differential equation into algebraic equation for its 
differentiation theorem

Laplace Transform
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Laplace Transform



Transfer Function
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 General case of a high order differential equation:

 Convert it into s-domain:

 Assume zero initial conditions we get transfer function

Norman Nise , Control system engineering (7th Edition)

Transfer Function
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Transfer Function



System Examples
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Circuit
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Spring mass damper
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Eletro-mechanical system

 Newtonian mechanics

 Faraday’s law of induction
• With a little bit of math of total differential and derivative laws

 Ampere force
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《电机学》，浙江大学出版社

Electric Machinery



Mathematic Model Overview
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 O.D.E (from physics laws)

 Block diagram

 Transfer function (via Laplace transform)

 State space model

 Pole zero map (related to eigenvalues)
• Root locus and pole placement

Overview of the Math Models

Can you give details 
within 𝐺(𝑠)?

Eigenvalues
(when input is set to 0)
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Exercise for modeling of an e.m. system

Norman Nise , Control system engineering (7th Edition)



State Space Model
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 The simultaneous first-order differential equations about the state variables
• State variables must be linearly independent; that is, no state variable can be written as a linear 

combination of the other state variables.

 Algebraic output equation

 E.g.,:

 State space: The n-dimensional space whose axes are the state variables. 

State space model
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State space model
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From O.D.E to State space model
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From transfer function to state space model (1)
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From transfer function to state space model (2)
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From transfer function to state space model (2)
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State space model to transfer funtion (ss2tf)

Transfer function matrix

Single input single output
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https://en.wikipedia.org/wiki/Adjugate_matrix#:~:text=In%20linear%20algebra%2C%20the%20adjugate,matrix%20is%20the%20conjugate%20transpose.

State space model to transfer funtion (ss2tf)
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State space model to transfer funtion (ss2tf)
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State space model is not unique



CJH34EE160 Fall’25 lec2

 Diagonal representation
• Equivalent to partial fraction expansion of t.f.
• Use eigenvectors to form a transform matrix P

Diagonal state space representation

Left D is diagonal matrix with eigenvalues, while 
right D is the through-input matrix, often 𝐃 = 0 
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Diagonal state space representation
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Diagonal state space representation
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Solution of the State Equations
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Solution of the State Equations

zero-input response

The matrix exponential function is defined by in a similar Taylor series form

Zero-state response as 
convolution integral



Block Diagram
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 Basic components:

 Cascade and parallel:

Block diagram
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 Feedback

Block diagram reduction
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 Moving blocks

Block diagram reduction
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Block diagram reduction



CJH44EE160 Fall’25 lec2

Block diagram reduction
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Block diagram reduction
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Block diagram reduction
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Block diagram reduction



Appendix
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Solution of Differential Equations

• Uniqueness of Solutions

Conclusion: The solution of the state differential equation

is found to be

Proof:



Solution of Differential Equations

• Verify the ODE

Conclusion: The solution of the state differential equation

is found to be

Proof:

𝑥̇ 𝑡 = A 𝑒஺௧𝑥 0 + 𝑒஺ ௧ି௧ 𝐵𝑢 𝑡 + න 𝐴 𝑒஺ ௧ିఛ 𝐵𝑢 𝜏 𝑑𝜏
௧

଴

= 𝐴 𝑒஺௧𝑥 0 + න  𝑒஺ ௧ିఛ 𝐵𝑢 𝜏 𝑑𝜏
௧

଴

+ 𝐵𝑢 𝑡

= 𝐴𝑥 𝑡 + 𝐵𝑢(𝑡)

Generalized Leibniz integral rule.



Solution of Differential Equations
Specially, the solution of an unforced system

is found to be

The matrix exponential function describes the unforced response of the system
and is called the fundamental or state transition matrix Φ(𝑡, 0).

Thus, the general solution can be written as

NOTE, up to now, we are talking about LTI system, for nonlinear or time-
varying, there is NO nice general solution form.


