Electric Circuits (Fall 2025)

Lecture 12
- Frequency Response
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Outline

- Frequency response
-Transfer function

-Bode-plots{er-diagram)

-Resonance
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Frequency Response

+
S A 0 0.1uF y
mA £0° —T '
1O Find V
Case 1: ®=2n x 3000 Case 2: o=27t x 455000
+ +
5mA ~£0° 5mA ~ 0°
4 A
Z, =4632/-062.1°Q Z, =3.5/-89.8°Q

Vi=234/-62.1°V V2=17.54—-89.8°mV

[Source: Berkeley] 3
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Phase Shift

Any linear circuit
With L,C,R,M

™
S ] e

- The “Frequency Response” is a characterization of the input-output
relation for sinusoidal inputs at all frequencies.
m |ts output is also a sinusoid at the same frequency.

= Only the magnitude and phase of the output differ from the input.
m Significant for applications, esp. in communications and control systems.

[Source: Berkeley]
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Transfer Function

- The transfer function H(w) is the frequency-dependent ratio
of a forced function Y(w) to the forcing function X(w).

Copyright © The McGraw-Hill Companies, Inc. Permission required for reproduction or display H (a)) = VOltage galn = IV/T((z))
X(w) Linear network Y(w)
—_— > . Vi . (a))
Input Output H (a)) = Current gain = i (a))
Y(o) H (@) = Transfer imped V(o)
H — @ ) = 1TanSICr 1IMpeaance =
)= % (o) @) 1(0)
I,(o)

H (a)) = Transfer admittance =

(o)

Ul
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Transfer Function

= Complex quantity
= Both magnitude and phase are functions of frequency

Copyright © The McGraw-Hill Companies, Inc. Permission required for reproduction or display

X(w) Linear network Y(w)
—_— —
Input Output

For example:
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Electric Circuits (Fall 2025)

1 ®
H = \ ¢ = —tan F—
V1 + (0/wp)> @

w/w, H b w/w, H ¢
0 1 0 10 0.1 —R84°
| 0.71 —45° 20 0.05 —87°
2 0.45 —63° 100 0.01 —89°
3 0.32 —72° o0 0 —90°

1
H A 0“0~ RC w
1 | »
0.707 - - i
: —45° | -
|
l
|
| 9P - —— - - ==
0 1 " ¢V
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Exercise

- Obtain the transfer function V, /V; of the RL circuit.

R
—-"-_“ M .-"\-w-" 1'-.1_.'—
H A ¢ A v, () L=
$ Ny
e 90°

0.707 t---

450 |-

gY
eY




- 3 N A2 g
= S M ESEARFRE Electric Circuits (Fall 2025)

2t g,
“‘qé? School of Information Science and Technology
7

Plotting the frequency response, magnitude & phase, on
plots with

= Frequency X in log scale

k%dg:;zie — — oi)tgie ==
| | | | | | : J(Hz)
10 20 50 100 200 500 1000
=Y scale in dB (for magnitude) & degree (for phase)
|H(f)|(dB)
fa 0 (deg) E
. fs 10f3 100/ ; . 10 Jlfg 10|f3 IO?fB

10
SEC
Low-frequency

o Actual phase curve
asymptote

Actual response curve

) Approximation
H1gh-frequency/4
asymptote

(=20 dB/decade slope)

14
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Bel and Decibel (dB)

- A bel (symbol B) is a unit of measure of ratios of power
levels, i.e. relative power levels.

= The name was coined in the early 20th century in honor of
Alexander Graham Bell, a telecommunication pioneer.

= Definition of bel:

Ratio with a unit of B = log,y(P+/P,)

where P, and P, are power levels.

- One bel is too large for everyday use, so the decibel (dB),
equal to 0.1B, is more commonly used.

= used to measure electric power, gain or loss of amplifiers, etc.
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Linear network

H(w)

—F

Output

« We can similarly relate the reference voltage or current to the

reference power, as
P = (V)R or P=(I)°R

Hence,

Voltage, V in decibels = 20log,,(V,/V5)
Current, |, in decibels = 20log(/4/1,)

Question: How many decibels larger is the voltage of a 9-volt transistor

battery than that of a 1.5-volt AA battery?

Question: The voltage gain of an amplifier with input = 0.2 mV and

output=0.5Vis ?

[Source: Berkeley]
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Summary of dB

If G 1s defined as the power gain,

P

G=_—,
Py

then the corresponding gain in dB is defined as

P
GkB]:lObgG:ﬂObg(F) (dB).
0

1 2 .

LIVI2/R Vv
Gmm:mm.é;L_:mm(Lg

51Vol?/R Vol

P dB
Py

10N ION dB
103 30 dB
100 20 dB
10 10 dB
4 ~ 6 dB
2 ~ 3 dB
| 0 dB
05| ~—3dB
0.25 | ~—6dB
0.1 —10 dB
107N | —10N dB

i or l dB
Vo Io
10N 20N dB
103 60 dB
100 40 dB
10 20 dB
4| ~12dB
2 ~ 6 dB
| 0 dB
0.5 | ~ —6dB
0.25 | ~—12dB
0.1 —20dB
10=Y | —20N dB
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Bode Plots decade > goave <
I I I I I I I f(Hz)
10 20 50 100 200 500 1000
Plotting the frequency response, magnitude or phase, on
plots with
= Frequency X in log scale
=Y scale in dB (for magnitude) or degree (for phase)
[H(f)|(dB)
f5 0 (deg) E
/B 10/ 100/ 10 /s 1013 100/

. f 0 s I I |

P Actual phase curve

10
SERC
Low-frequency

asymptote

Actual response curve

Approximation

High-frequency
asymptote —/

(=20 dB/decade slope)

20
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Bode Plots

- Bode plot is particularly useful for displaying transfer
function-- a general form is displayed as:

K(jw)™' (1 + jo/z)[1 + j2l10/o + (jo/w)’]
(1 +ﬁﬂfﬁ1)[1 +j2§3mfm” + (jm,Xm”]EJ*“

H(w) =

In constructing a Bode plot, we plot each factor separately and then
add them graphically. The factors can be considered one at a time and
then combined additively because of the logarithms involved. It is this
mathematical convenience of the logarithm that makes Bode plots a
powerful engineering tool.

21
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Example--Standard Form

200jw
H(w) = — .
(jo + 2)(jo + 10)
H(w) 10jw

T+ jw/2)(1 + jo/10)

34
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Example - Magnitude

H (dB) A

20

0 — — — >

0.1 02 -1 2 - 10 =20 100 200 ~_ o
1 1

20logg ——— - “« 20 log g —————

- %210 1 3 wn2] S IPWITY

~ ~
-~ -
~

W
1+

HdB = 20 logmlO + 20 10g10|j(0| — 20 loglo 10

Jjw
I + ? — 20 loglo

35
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Example - Phase

H(w) =

-90°

10jw
(1 + jw/2)(1 + jw/10)
10]je

/90° —tan ' @/2 — tan" ' @/10

B 11 + jw/2||1 + jo/10|

w w
=90° —tan ' — — tan | —
¢ 2 10
90°
N
_ L | | | |
1002 el 2T IO 20 100 200
1w R -““*n_‘:_n
L —tan E —tan‘lﬂ R~
10

Sl 4

36
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Outline

- Frequency response
-Transfer function

-Bode-plots{er-diagram)

-Resonance
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Series Resonance

- A series resonant circuit consists of an inductor and

capacitor in series.
R joL
VMWWV IT—

w

4 1
H(Cl)) — 7 — Z = R + f(&)L - —C> V.-;=Vmﬁ <i> I _,H}J—C

= Resonance occurs when the imaginary part of Z is zero.
* The value of w that satisfies this is called the resonant frequency.

1

JLC

@, = rad/s

42
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R I
WA AL
Iy +
C~V,
d’v Rdv 1
——t——+—v=0

d?t Ldt LC

R R\> 1
s=—t () -
2L 2L LC

= —ai\/—(w(z, — a?)

= —a T jwg

[Source: Berkeley]

vel(f)
i Underdamped (& < wyg)

24 / Critically damped (@ = m )
0
20 /
\ / ~ Overdamped (a =|wg)

!

10 >

-10 £
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Series Resonance

- At resonance:
* The impedance is purely resistive
= The voltage V, and the current I are in phase
= The magnitude of the transfer function H in this page is minimum
= The inductor and capacitor voltages can be much higher than the
source voltage

R ij VJH
A ——— TN —— __m™
|VL‘ wo L

|
=~ ¥m e m 1
=V, /0 C) (;) joC |V R onC

V ]
H(a))=7—Z R-l—j(a)L—E)

44
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Half-Power Frequencies

- the current magnitude:

R joL

AMWW———TTT

Vs = V.'n ﬁ @) Q

VHI
1= = —— ﬂ?
VR + (wL — 1/wC)~
1V 1
IA Plwo) =5 P(w,) = P(w,) = Ep(wo)
VIR |- .
0707V, /R [~=~"""""73 . “‘i“— . ) . \/(R)z ) L
SRR ©; = ) T ic
i ! . \/( R )2 1
' ! wy = — + — | + —
' ' ' > 2L 2L LC
0 W) Wy Wy W
1 —
@, = rad/s wy = Vo,0,

45
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Bandwidth
1A
R R\ 1
Vm""R _______________ | W, = — + \/() + —
; 2L 2L LC
0.707V, IR |~~~ A~ R PRI
S w, = -+ \/ (—) +
A 2L 2L LC
I : }
0 E.(J'l E.UU (Uz w
Bandwidth B R
B — (1)2 — (1)1 — Z

- Bandwidth: the difference
between the two half-power
frequencies
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. Amplitude A
Qual Ity FaCtOr Q 0, (least selectivity)
. 0, (medium selectivity)
- Quality factor Q: measure the 0, (greatest selectivity)
“sharpness” of the resonance. \
I A
Vm IR [--mmmmmmmms ! \
0.707V, /R | ----------A--- - - 7
LN, N
0 w, Wy Wy w : Ik_v_)l ! w
| B |
B ! 1 3 1
Bandwidth B | B,

The smaller the B, the higher the Q. %1

Wy 1 _ R Cwol 1
Q=f “o = 7= B—wz—wl—z CT R T wCR
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Quality Factor Q

| imA)

14 -

—r |I
cq | Rz

R
AAN
[\ ! —L(?
/ | J_'__gf.
i 7

D'ﬁ . R = 511

FINS

04
R=10Q

02 | T
®, =107 rad/s

C=20nF
L =50pH
V =50mV

9 10 1 12
@  (10%radss)

[Source: Georgia State U]

48
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Approximation of Half-Power Frequencies

1
A W= \[T_C R R 3 1
V./RF--------mam-- (.U'l = —— + —_— + —
m : 2L 2L LC
0.707V,, /R [~~~ | "‘i“‘ ) R 2 5 1
1 | I 2L 2L LC
0 W) @) @) .;
Bandwidth B 1
Wo
R Wo w=—=—=+wy |[1+—
=B B=7 177200 T Tagz
L Q

Wo 1
(1)2=%+(1)0 1+4_Q2

- For high-Q (Q = 10) circuits, half-power frequencies can
be approximated as . .

W, = wy — , w22w0+5
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Example

In the circuit, R = 2Q), L = 1mH

and C = 0.4uF

- Find resonant frequency w,.

- Calculate Q and bandwidth B.
- Find half-power frequencies.

- Determine the amplitude of the

current at wy w; and w,.

1 1

20 sin wt

oy —

= 50 krad/s

B = w, — w; = 2 krad/s

VLC V1073 x 04 X 107

(12
\
I

50
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Parallel resonance

;
1=1,,0 (}) VIR ZjoL = Tl

Copyright © The McGraw-Hill Companies, Inc. Permission required for reproduction or display

V| A
ImR """"""""" |
Q0T L R pressrskssnss . _"i"".
0 W Wy w )
Bandwidth B

51
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O
RLC Circuit V, I, I C=—= R Vi
o
‘."
Transfer Function H = I—E
: I
Resonant I‘I'L‘L|LIL‘IIL'}'. @y e
LC
_ I
Bandwidth, B —
RC
R
Quality Factor, Q Y
' B wp L
Lower Half-Power Frequency. @ | + 1+ : : +. 1+ :
Ower Rall-rower rrequency, - (o) E—
B 20 107 | 20 302 |
e D 1 | I |
Upper Half-Power Frequency, w- E + .1+ 107 ) E + /1 + 4—{22 )
Notes: (1) The expression for Q of the series RLC circuit is the inverse of that for Q of the parallel circuit. (2)
For Q@ = 10, w1~ wp — % cand Wy > wo + % - [Source: Berkeley]
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